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i v  
NOTATION 
A dummy i n t e g r a t i o n  v a r i a b l e  f o r  area 
A c  1 su r face  area between the  mass of material compacted by t h e  landing 
s u r f a c e  and t h e  mass o f  uncrushed crushable  material  
A c l h  h o r i z o n t a l  p l a n a r  p r o j e c t i o n  of  A,] 
APo s u r f a c e  area o f  lower p o r t i o n  o f  payload over  which s h e a r  and/or normal s t resses  act  t o  d e c e l e r a t e  payload 
Apoh h o r i z o n t a l  p l a n a r  p r o j e c t i o n  of  Apo and, i n  t h e  absence of  shea r  
e f fec ts ,  A p l  
su r f ace  area between the  mass of  material  compacted by t h e  payload 
and t h e  mass of  uncrushed crushable  m a t e r i a l  
Ash ho r i zon ta l  c ros s - sec t iona l  area i n  t h e  volume V c  of  f i g u r e s  3 
and 4 ( t h e  volume t h a t  would l i e  beneath t h e  landing s u r f a c e  i f  
t h e r e  had been no crushing)  
b dimensional dummy i n t e g r a t i o n  v a r i a b l e  used i n  equat ion  (A27); 
E J R ~  r 2-
bP dimensional dummy i n t e g r a t i o n  v a r i a b l e  used i n  equat ion  (A29);:J R ~- rp22 
e dimensionless v a r i a b l e  desc r ib ing  t h e  r e l a t i v e  motion of  payload 
qn - 9 
pene t r a t ion ;  def ined  as -Y i n  equat ion  (A39) 
‘kRP 
maximum value  of e during payload pene t r a t ion  
RPi d e n t i c a l  t o  F c l  ( z )  i f  R- y i s  s u b s t i t u t e d  f o r  z 
dimensionless v e r t i c a l  crushing f o r c e  ac t ing  over  area A,, and 
tending t o  d e c e l e r a t e  t h e  mass above A c l ;  de f ined  i n  e6;ation 
(A361 
dimensionless v e r t i c a l  crushing f o r c e  a c t i n g  over  area A p l  and 
tending t o  d e c e l e r a t e  t h e  mass above A p l ;  de f ined  i n  equat ion  
(A451 
genera l  symbol f o r  a c c e l e r a t i o n  due t o  g r a v i t y  
va lue  o f  g on e a r t h  ( 3 2 . 1 7  f t /sec2 he re in )  
va lue  o f  g a t  t h e  landing  s i t e  ( 1 2 . 3  f t /sec2 h e r e i n )  
V 
I 

hC 
hCl 
KP 
KR 
R 
mco 
mc 1 
mPo 
mPl 
l o c a l  h e i g h t  of t h e  volume which would l i e  beneath the  landing s u r ­
f ace  i f  t h e r e  had been no crushing;  t h e  l o c a l  he igh t  of  Vc; see 
f i g u r e s  2 ,  3, and 4 
l o c a l  he igh t  of t h e  compacted volume of  material compacted by t h e  
landing s u r f a c e ;  t h e  l o c a l  h e i g h t  of  m c l ;  def ined i n  equat ion 
(A12); see f i g u r e s  2 ,  3, and 4 
l o c a l  he igh t  of  t h e  compacted volume of  material compacted by t h e  
payload; t h e  l o c a l  he igh t  of m p l ;  def ined  i n  equat ion (A12); see 
f i g u r e s  2 ,  3, and 4 
def ined  i n  equat ion (17) as 
“ P o  + mco 
dummy i n t e g r a t i o n  v a r i a b l e  f o r  z i n  equat ions (A37) and (A49) 
TRP2OO 
def ined i n  equat ion (A39) as 
%onmdge 
U
def ined  i n  equat ion (A33) as 
%onmdge 
d i s t a n c e  between t h e  f i c t i t i o u s  compacted region determined by Ed 
on t h e  landing s u r f a c e  and t h a t  on t h e  payload (o r  t he  payload 
i t s e l f ,  i n  t he  absence of p e n e t r a t i o n ) ;  eva lua ted  i n  equat ion 
(5) 

v a r i a b l e  used as dR t o  de f ine  a length  element of  a rod of 
crushable  m a t e r i a l ;  used i n  developing equat ion (All)  
o r i g i n a l  mass of uncrushed crushable  ma te r i a l ;  s e e  f igu res  2 ( a ) ,  
3 ( a ) ,  and 4(a)  
mass of material compacted by t h e  landing s u r f a c e ;  mass of V c l ;  
s e e  f i g u r e s  2 through 4 
mass of  payload; s e e  f i g u r e s  2 through 4 
mass of ma te r i a l  compacted by t h e  payload; s e e  f i g u r e s  2 ( c ) ,  3 ( c ) ,  
4 (c) 
f i r s t  time d e r i v a t i v e  of m p l  
“Po  + mco - mc1
dimensionless mass def ined  i n  equat ion (A34) as 
mPO 
mco - mc1 - mp1
dimensionless mass def ined i n  equat ion (A44) as 
mPO 
v i  
L 
R 
dimensionless  mass def ined i n  equat ion (A42) as mpo + 9 1 
mpen(e) mPO 
U02  
NRU def ined  i n  equat ion  (23) as p (l + 
E dnPmaxgeRp 
1 + (mco/mpo) 
Nmu def ined  i n  equat ion  (24) as 
[I + (uo2/2EdnpmaxgeRp)] 
def ined  i n  equat ion  (25) as wco (see a l s o  eq.  (26) 
(0cmg,) " ~ p ~  
f o r  payload pene t r a t ion  with t h e  s i m p l i f i e d  design) 
rides d e s i r e d  va lue  o f  nPmax 
nmd maximum pe rmis s ib l e  value o f  nPmax (2000 he re in )  
nP g loading with %ge as t h e  payload dece le ra t ion  
nPmax maximum value  of  nP t h a t  occurs dur ing  impact s t r o k e  
9 abso lu te  displacement of uncrushed crushable  ma te r i a l  a f te r  
i n i t i a l  con tac t  with landing s u r f a c e ;  s e e  f i g u r e s  2 through 4 
GAP first  time d e r i v a t i v e s  of q and qP 
.. *. 

9 A p  second t i m e  d e r i v a t i v e s  of q and qP 

qP abso lu te  displacement of payload a f t e r  i n i t i a l  contac t  between crushable  ma te r i a l  and landing s u r f a c e ;  qp = q i n  absence 
of payload p e n e t r a t i o n ;  s e e  f i g u r e s  2 through 4 
qmax "Pmax 
va lues  of q and q
P 
a t  end of impact s t r o k e  
9s va lue  of q (q = qp) a t  which payload p e n e t r a t i o n  occurs o r  
would occur  i f  unbonded 
R o v e r a l l  r ad ius  f o r  s p h e r i c a l  system 
RP payload r ad ius  f o r  s p h e r i c a l  system 
r p o l a r  r a d i a l  coord ina te  of p o i n t  i n  A,-, where coordinate  i s  
measured i n  a h o r i z o n t a l  c ross  s e c t i o n  f o r  s p h e r i c a i  
geometry; see f i g u r e  4(b) and equat ion  (A25) 
rP p o l a r  r a d i a l  coord ina te  of  p o i n t  i n  A p l ,  where coord ina te  i s  measured i n  a h o r i z o n t a l  c ros s  s e c t i o n  f o r  s p h e r i c a l  
geometry; s e e  f i g u r e  4(c)  
v i i  
- -  
SEA s p e c i f i c  energy absorp t ion ;  energy absorbed p e r  u n i t  weight of  
t h e  absorber;  def ined  i n  equat ion  (8) i n  terms of  t h e  
v a r i a b l e s  used h e r e i n  
S dimensionless dummy i n t e g r a t i o n  v a r i a b l e  used i n  equat ion  (A36) ; 
- b- ­
- R  
sP dimensionless dummy i n t e g r a t i o n  v a r i a b l e  used i n  equat ion (A45) ; 
bP 
RP 
t time; used f o r  t ime d e r i v a t i v e  in te rchangeably  with dot  
U v e l o c i t y  of t he  uncrushed crushable  m a t e r i a l ;  def ined i n  
equat ion (A16) as 6 = 9 
- d t  
UO value  of  U a t  t h e  i n s t a n t  t h e  c rushable  ma te r i a l  h i t s  t he  
landing su r face  (300 f t / s e c  he re in )  
V C  volume t h a t  would l i e  beneath t h e  landing s u r f a c e  i f  t h e r e  had 
been no crushing;  shown i n  f i g u r e s  3 and 4 ;  def ined i n  
equat ion  (A14) 
Vcmax’Vclmax 
maximum values  of V c  and V c l ,  t h a t  i s ,  t h e  values  reached a t  
t h e  end o f  t he  impact s t r o k e  
vc1 compacted volume of ma te r i a l  compacted by t h e  landing s u r f a c e ;  
t he  volume of mcl 
vP volume swept out  by t h e  payload as a r e s u l t  o f  t h e  r e l a t i v e  motion of pene t r a t ion ;  def ined  i n  equat ion  (A14) 
vP 1 compacted volume of ma te r i a l  compacted by t h e  payload; t he  
volume of m p l  
V dimensionless v e l o c i t y  of t h e  uncrushed crushable  material; 
def ined  i n  equat ion (A54) as 
VO va lue  of v a t  t he  i n s t a n t  t h e  c rushable  ma te r i a l  h i t s  t h e  
landing s u r f a c e  
VP dimensionless v e l o c i t y  of  t h e  payload; def ined  i n  equa­
vS va lue  of v a t  t he  s t a r t  of  payload p e n e t r a t i o n ,  i f  any 
v i i i  
- -  
wco 
wPO 
W 
WO 
wS 
Y 
YP 
Ymax 9 Ypmax 
Y s  
z 
za 
Zmax 
zPmax 
Z S  
c1 

B 
E 
o r i g i n a l  e a r t h  weight of  uncrushed crushable  ma te r i a l  mcoge 
e a r t h  weight of  payload, mpoge 
dimensionless v e l o c i t y  o f  t h e  uncrushed crushable  material; 
Udef ined  i n  equat ion ( A 3 3 )  as 
/"mdgeR 
value o f  w a t  t h e  i n s t a n t  t h e  crushable  ma te r i a l  h i t s  t he  
landing s u r f a c e  
value of  w a t  t h e  s ta r t  of  payload pene t r a t ion ,  i f  any 
dimensionless t i m e ;  def ined  i n  equat ion ( A 3 9 )  as t nmdge 
J "p 
dimensionless displacement def ined  i n  equat ion ( A 3 9 )  as 
dimensionless payload displacement def ined i n  equat ion (A54) as 
9D 
values  of  y and yp a t  end of impact s t r o k e  

value of y a t  t h e  s t a r t  of  payload pene t r a t ion ,  i f  any 

dimensionless displacement def ined  i n  equat ion ( A 3 3 )  

value of  z a t  np = npmax 

value o f  z a t  end of impact s t r o k e  
'Pmax 
R 
va lue  of  z a t  t he  s ta r t  of  payload pene t r a t ion ,  i f  any 
angle  between normal t o  s t r e s s e d  a r e a  and d i r e c t i o n  of  maximum 
normal crushing s t r e s s  
nPmax 
rides 
compacting s t r a i n  of c rushable  material; more d e t a i l e d  
d e f i n i t i o n  given fol lowing equat ion (1) 
ix 

X 
'm 

eP 
E 
Pck 
Pcm 
pP 
O 
f i c t i t i o u s  va lue  of  Ek assumed f o r  design purposes;  always less 
than Em 
compacting s t r a i n  when it i s  uniform throughout hypo the t i ca l  
crushable  material; E k  determines t h e  s u r f a c e  f o r  stress eva lua t ion  
and can be  s p e c i a l i z e d  i n  governing equat ions  ' f o r  s impl i fy ing  
approx imations 
value of Ek f o r  a c t u a l  crushable  m a t e r i a l ( 0 . 8  he re in )  
angle  shown i n  f i g u r e  4(c)  and used i n  d e r i v a t i o n  of  equat ion (A28) 
dummy i n t e g r a t i o n  v a r i a b l e  f o r  y 
uniform dens i ty  o f  hypo the t i ca l  c rushable  material i n  swept-out 
volumes such as Vc i n  f i g u r e  4; Pck can be s p e c i a l i z e d  as zero 
t o  neg lec t  v a r i a b l e  mass without  implying a massless crushable  
cas ing  
uniform dens i ty  o f  a c t u a l  crushable  material 
payload packaging dens i ty ;  def ined  i n  equat ion (A43) as 
" P o  
(4/3) TRp3 
mP0
def ined  i n  equat ion (A35) as 
(4/3) 7rR3 
"mostly normal!' and "mostly s t a t i c "  c rush ing  stress of crushable  
ma te r i a l ,  averaged over  maximum p o s s i b l e  s t r o k e  p r i o r  t o  compacting 
maximum of  0 as def ined  i n  equat ions  (2) and (A24) 
normal stress on t h e  payload p r i o r  t o  p e n e t r a t i o n  
opo under assumption apo = Opok = cons tan t  
v e r t i c a l  component of  0 
dynamic va lue  of  IS,, as def ined fo l lowing  equat ion (A7) 
v e r t i c a l  component of normal stress on t h e  payload 
angle shown i n  f i g u r e  4(b) and used i n  de r iva t ion  of  equat ion (A27) 
angle  shown i n  f i g u r e  4(c)  and used i n  d e r i v a t i o n  of  equat ion (A28) 
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APPROXIMATE ANALYTICAL MODELS FOR L A N D I N G  ENERGY ABSORPTION, 
I N C L U D I N G  THE EFFECT OF PENETRATION BY THE PAYLOAD 
INTO ITS CRUSHABLE CASING 
Robert W .  Warner 
Ames Research Center  
SUMMARY 
Two approximate a n a l y t i c a l  models are def ined  f o r  a landing conf igura t ion  
i n  which a s p h e r i c a l  payload can sometimes p e n e t r a t e  i n t o  i t s  crushable  casing.  
Results f o r  both models are found t o  agree reasonably we l l  with two previous 
experimental  measurements. Design examples a r e  presented  f o r  an impact veloc­
i t y  of  300 f t / s e c .  These are based on choices of  zero o r  "perfect"  payload 
bonding, and of e i t h e r  a b a l s a - l i k e  o r  honeycomb-like c l a s s  of  crushable  mate­
r i a l .  The g r e a t e s t  d i f f e r e n c e  between t h e  models f o r  t hese  examples i s  a 29­
percent  discrepancy i n  t h e  requi red  maximum crushing s t r e s s .  A p a r t i c u l a r  
p a i r  of examples gives  t h e  unexpected r e s u l t  t h a t  pene t r a t ion  can provide a 
decrease i n  crushable  material weight by a f a c t o r  g r e a t e r  than 4 when the  
honeycomb-like c l a s s  of  ma te r i a l  i s  requi red  without  pene t r a t ion ,  bu t  t h e  more 
e f f i c i e n t  b a l s a - l i k e  c l a s s  i s  f e a s i b l e  with pene t r a t ion .  
INTRODUCTION 
One means proposed f o r  providing information on luna r  and p l ane ta ry  
su r faces  c o n s i s t s  of an unmanned ins t rumenta t ion  system t h a t  i s  hard  landed 
(with o r  without  te rmina l  guidance) bu t  designed t o  su rv ive  t h e  impact. For 
such a landing,  a c rushable  cas ing  i s  one means f o r  absorbing landing energy 
s o  the  payload can su rv ive  and t ransmi t  information during and a f t e r  t h e  
impact. The advantage of t h i s  approach depends g r e a t l y  on how l i g h t  t he  
crushable  cas ing  can b e  made f o r  a given impact v e l o c i t y .  
Various aspec ts  of  t h e  design of  c rushable  casings have been 
inves t iga t ed  i n  re ferences  1 through 9 ,  b u t  without  inc luding  t h e  e f f e c t  o f  
pene t r a t ion  by t h e  payload i n t o  t h e  cas ing .  The primary purpose of t h e  pres ­
e n t  paper i s  t o  eva lua te  t h a t  e f f e c t  a n a l y t i c a l l y .  For t h i s  purpose,  f a i r l y  
general  equat ions of  motion are der ived f o r  t h e  payload and t h e  crushable  
material. These equat ions  are then s p e c i a l i z e d  f o r  two approximate a n a l y t i c a l  
models i n  which t h e  payload and cas ing  are s p h e r i c a l .  The a n a l y t i c a l  models 
w i l l  b e  used i n  a number of  design examples s o  t h a t  t h e  e f f e c t  o f  payload 
pene t r a t ion  can b e  eva lua ted  and a l s o  one model compared wi th  t h e  o t h e r .  The 
two models w i l l  a l s o  be  compared with e a r l i e r  models t h a t  do no t  permit 
pene t r a t ion  and with t h e  tes t  r e s u l t s  of r e fe rence  10 and a p r i v a t e  
communication. 1 
IDonald R.  Cundall ,  December 1967. 
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OUTLINE OF THEORY 
P rope r t i e s  of  Typical Crushable Material 
Material p r o p e r t i e s  are an e s s e n t i a l  i npu t  t o  t h e  t h e o r e t i c a l  
development. A t y p i c a l  crushable  material f o r  landing  impact energy absorp­
t i o n  has a s t r e s s - s t r a i n  curve similar t o  curve ABCDE i n  f i g u r e  l ( a ) .  The 
material i s  e l a s t i c  from p o i n t  A t o  p o i n t  B, and t h e r e  i s  rebound between 
po in t s  D and E .  (The rebound should b e  as small as poss ib l e . )  Between p o i n t s  
B and D t h e r e  i s  a l a r g e  volume change; and t h e  crushing stress i s  r e l a t i v e l y  
cons tan t ,  with an average value cs i n d i c a t e d  by t h e  h o r i z o n t a l  do t t ed  l i n e  
i n  f i g u r e  l ( a ) .  Poin t  C ,  where t h e  crushing s t r e s s  begins  t o  r i s e  abrupt ly ,  
i s  c a l l e d  t h e  compacting s t r a i n  E and ranges from 0 .6  f o r  close-packed 
crushable  ma te r i a l s  t o  nea r ly  1.O f o r  open crushable  s t r u c t u r e s .  
The area enclosed by t h e  s t r e s s - s t r a i n  curve ABCDE i s  t h e  energy 
absorbed p e r  u n i t  volume of  crushable  m a t e r i a l .  This  energy is  maximized f o r  
a maximum permissib l e  crushing stress (which determines t h e  maximum landing 
veh ic l e  dece le ra t ion  f o r  a given conf igura t ion)  i f  t h e  s t r e s s - s t r a i n  curve 
approaches a r ec t ang le .  Hence t h e  material i s  no t  s t r a i n e d  beyond po in t  D i n  
f i g u r e  l ( a ) ,  where t h e  stress i s  equal  t o  t h e  p r i o r  maximum (poin t  B), even 
though t h e  stress could go h ighe r  as shown. If t h e  i n i t i a l  peak a t  B i s  too  
high t o  approximate a r ec t ang le ,  it can sometimes be  reduced by precrushing.  
A l e s s  d e s i r a b l e  a l t e r n a t i v e  i s  t o  accept  t h e  s t r e s s - s t r a i n  curve b u t  modify 
t h e  load-def lec t ion  curve by changing t h e  shape o f  t h e  crushable  material. 
S t r e s s - s t r a i n  and load-def lec t ion  curves f o r  b a l s a  wood, p l a s t i c  foam, 
and honeycomb a r e  given i n  re ferences  11 through 1 4 .  These curves have been 
determined by dynamic crushing tes ts  and by n e a r l y  s t a t i c  t e s t s  of  specimens 
having uniform cross  s e c t i o n s .  Figure l ( b )  i s  a ske tch  of  a crushing t e s t  i n  
which the  specimen i s  compressed uniformly across  t h e  c ross  s e c t i o n  by a 
p l a t e ,  and f i g u r e  l ( c )  shows a t e s t  i n  which t h e  specimen is  penet ra ted  by a 
plunger .  In  both t e s t s ,  t h e  ma te r i a l  crushes i n  l aye r s  a t  a loaded su r face ,  
which may be  a t  e i t h e r  end of t h e  specimen i n  t h e  case of  t h e  p l a t e  loading.  
I t  should b e  noted  t h a t  a c e r t a i n  (exaggerated2 amount of ma te r i a l  i s  
shown t r a i l i n g  outboard of  t h e  plunger  i n  f i g u r e  l ( c )  due t o  shea r  r e s i s t a n c e .  
This shea r  e f f e c t ,  as well as f r i c t i o n ,  causes a d i f f e rence  i n  the  crushing 
loads of  f i g u r e s  l @ )  and l ( c ) .  I n  t h e  case of  b a l s a  wood, however, r e f e r ­
ence 7 i n d i c a t e s  t h a t  t h i s  d i f fe rence  i s  small, whi le  re ference  1 3  i n d i c a t e s  
t h a t  it ranges from 5 t o  15 percent  ( f o r  a range of  plunger  s i z e s ) .  
I t  should a l s o  b e  noted t h a t  dynamic and n e a r l y  s t a t i c  crushing t e s t s  
give d i f f e r e n t  r e s u l t s .  In  f a c t ,  re fe rences  11 and 13  suggest  r a t i o s  of 
s t a t i c  t o  dynamic crushing s t r e s s  from 0.69 t o  0 .73  f o r  var ious m a t e r i a l s .  
Since t h e  maximum v e l o c i t y  i n  t h e  dynamic t e s t s  was 108 f t / s e c ,  t h e  dynamic 
e f f e c t  i s  probably not  due t o  v a r i a b l e  mass ( i . e . ,  t h e  accumulation of crushed 
ma te r i a l  a t  a loaded su r face )  b u t  r a t h e r  due t o  damping and dynamic buckl ing 
(i. e . ,  coupl ing between v e r t i c a l  and ho r i zon ta l  v e l o c i t y ) .  Unfortunately,  
t h e  e f f e c t s  of h ighe r  v e l o c i t i e s  on damping and dynamic buckl ing are not  
e s t ab l i shed  f o r  t h e  p re sen t  m a t e r i a l s .  
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Summary of  Fundamental Assumptions and Limi ta t ions  
In c o n t r a s t  t o  t h e  t y p i c a l  ma te r i a l  j u s t  d i scussed ,  t h e  material 
assumed f o r  t h e o r e t i c a l  ana lys i s  has  a p e r f e c t l y  r ec t angu la r  s t r e s s - s t r a i n  
curve ( a  so -ca l l ed  " r i g i d  p l a s t i c "  shape) .  This curve i s  represented  by the  
dashed l i n e s  i n  f i g u r e  l ( a )  . I t  i s  shown bounded by t h e  compacting s t r a i n  E 
and t h e  average crushing s t r e s s  a of t he  t y p i c a l  m a t e r i a l .  In  t h i s  case,  
t h e  .energy absorbed p e r  u n i t  volume w i l l  no t  match t h a t  of t h e  t y p i c a l  mater ia l  
p e r f e c t l y ,  b u t  t he  boundaries  of  t h e  r ec t ang le  can be  ad jus t ed  s l i g h t l y  i f  
need be.  
There a r e  a number of o t h e r  a n a l y t i c a l  assumptions t h a t  p e r t a i n  t o  t h e  
crushable  material, and t h e r e  are s e v e r a l  t h a t  do n o t .  For convenience, a l l  
fundamental assumptions and l i m i t a t i o n s  a r e  l i s t e d  i n  t h e  p re sen t  s e c t i o n  as 
fol lows:  
1. Rebound i s  assumed absent .  
2 .  	 I t  i s  assumed t h a t  t h e  e f f e c t s  of shear  r e s i s t a n c e ,  end f i x i t y ,  and 
Poisson ' s  r a t i o  a r e  adequately incorpora ted  i n  t h e  ana lys i s  because 
of t h e i r  presence i n  the  crushing t e s t s  t h a t  determine t h e  so -ca l l ed  
"mostly normal" and "mostly s t a t i c "  crushing s t r e s s  ( a ,  uo,  and a,,; 
s e e  Nota t ion) .  
3. 	 The "mostly normal" and "mostly s t a t i c "  crushing s t r e s s  u i s  a l s o  
assumed t o  inco rpora t e  the  dynamic e f f e c t s  of  damping and dynamic 
buckl ing.  This means t h a t  dynamic t e s t s  should b e  used t o  determine 
a (or  s t a t i c  dynamic r a t i o s ,  such as those  deduced e a r l i e r  from r e f ­
erences 11 and 13, should be  app l i ed ) .  The v e l o c i t i e s  i n  t h e  
dynamic t e s t s  should not  be l a rge  enough, however, t o  cause s i g n i f i ­
cant  variable-mass e f f e c t s ,  which a r e  incorpora ted  (when des i red)  i n  
the  p re sen t  equat ions of motion. 
4 .  	 Shear deformations,  such as t h e  t r a i l i n g  of ma te r i a l  outboard of t h e  
plunger i n  f i g u r e  l ( c ) ,  a r e  neglec ted .  
5. 	Separa te  v e r t i c a l  rods of  ma te r i a l  a r e  assumed t o  crush v e r t i c a l l y  
i n  t h e  energy-absorbing process .  
6 .  	 The ma te r i a l  i s  assumed t o  compress t o  t h e  same compacted s t r a i n  
along any a x i s ,  r ega rd le s s  of t h e  ax i s  of maximum normal crushing 
s t r e s s .  
7. 	 I t  i s  assumed t h a t  each p a r t i c l e  i n  t h e  uncrushed crushable  ma te r i a l  
i s  moving a t  t h e  same v e r t i c a l  v e l o c i t y  a t  a given i n s t a n t  and t h a t  
t h e  crushed material a l s o  has a uniform p a r t i c l e  v e l o c i t y ,  b u t  a d i f ­
f e r e n t  one from t h a t  of  t h e  uncrushed m a t e r i a l .  This implies  t h e  
fol lowing c o r o l l a r y  assumptions: 
a. 	 Each success ive  l a y e r  of crushable  ma te r i a l  undergoes a 
jump i n  v e l o c i t y  as it moves from t h e  uncrushed t o  t h e  
crushed reg ion .  
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b .  The e l a s t i c  stress waves t h a t  e s t a b l i s h e d  t h e  uniform 
v e l o c i t i e s  	must t r a v e l  f a r  fas te r  than  those  v e l o c i t i e s  
( i .  e . ,  t h e  uniform v e l o c i t i e s  a r e  subsonic)  . 
c. 	 The deformation waves r e s u l t i n g  from t h e  e l a s t i c  stress 
waves must be  small enough no t  t o  affect  t h e  uniform 
v e l o c i t i e s .  
8 .  	 For landing geometries i n  which t h e r e  i s  doubt as t o  where t h e  crush­
ing  by l aye r s  w i l l  s t a r t ,  it i s  assumed t o  s ta r t  a t  t he  impacted end 
of  t h e  c rushable  material ( i n  keeping wi th  experimental  observa t ions ,  
except a t  c e r t a i n  impact v e l o c i t i e s  too  low t o  b e  of  i n t e r e s t ) .  
Thus, i f  f igu res  l ( b )  and l ( c )  were considered t o  r ep resen t  impact 
tes ts ,  t h e  loca t ion  shown f o r  t h e  crushed ma te r i a l  r equ i r e s  t h a t  t h e  
ma te r i a l  has been impacted by the  p l a t e  o r  t h e  plunger .  If t h e  
c rushable  ma te r i a l  had impacted t h e  landing s u r f a c e  i n  f i g u r e  l ( c ) ,  
with t h e  plunger  r e s t i n g  on top  of t h e  m a t e r i a l ,  t h e r e  would have t o  
be some crushing a t  t h e  landing s u r f a c e  i n  conjunct ion with t h e  
plunger  pene t r a t ion  (or  "payload penet ra t ion")  . 
9 .  	 I t  i s  assumed t h a t  t h e r e  i s  no s e c t i o n  of  c rushable  ma te r i a l  weak 
enough t o  permit pene t r a t ion  by any crushable  ma te r i a l  ( i . e . ,  pene­
t r a t i o n  by anything b u t  t h e  payload) .  The v a l i d i t y  of t h i s  assump­
t i o n  is  i n v e s t i g a t e d  i n  a l a t e r  s e c t i o n .  
1 0 .  	 The dens i ty  of  t h e  crushable  ma te r i a l  i s  assumed uniform i n  t h e  
uncrushed condi t ion .  
11. The compacting s t r a i n  of t he  crushable  ma te r i a l  i s  assumed uniform. 
1 2 .  Pure v e r t i c a l  t r a n s l a t i o n  i s  assumed. 
13. The ana lys i s  neg lec t s  a l l  r ing ing  and focusing of  s t r e s s  waves. 
1 4 .  	 A weight less  e x t e r i o r  cover f o r  t h e  crushable  ma te r i a l  is  assumed 
t h a t  i s  s t rong  enough t o  prevent  s h a t t e r i n g  of t h e  crushable  mate­
r i a l .  (For comparison with t h e  experimental  r e s u l t s  of Cundall and 
of  r e fe rence  1 0 ,  however, t h e  mass of  t h e  cover employed i s  assumed 
uniformly d ispersed  throughout t he  crushable  ma te r i a l  .) 
15. 	 When t h e r e  i s  payload pene t r a t ion ,  t h a t  i s ,  r e l a t i v e  motion between 
t h e  payload and t h e  crushable  m a t e r i a l ,  t h e  two a r e  assumed p e r f e c t l y  
unbonded. This r u l e s  out t h e  i n t e r e s t i n g  design p o s s i b i l i t y  o f  pene­
t r a t i o n  d e s p i t e  bonding and means t h e r e  i s  no need t o  inc lude  the  
e f f e c t  of t e n s i l e  s t r e s s e s  over  t h e  upper s u r f a c e  of  t he  payload. 
16. 	 I t  i s  assumed t h a t  t h e  landing s u r f a c e  i s  p e r f e c t l y  f l a t  and 
p e r f e c t l y  r i g i d .  
17. P e r f e c t  r i g i d i t y  i s  assumed f o r  t h e  payload. 
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Summary of  Analy t ica l  Development 
The genera l  v e r t i c a l l y  symmetrical landing geometry without  t i p o v e r  o r  
ho r i zon ta l  v e l o c i t y  i s  i l l u s t r a t e d  i n  f i g u r e s  2 and 3 ,  which a r e  used f o r  
developing t h e  governing equat ions and f o r  t h e  d e f i n i t i o n  of terms. (Note t h a t  
with g rav i ty  terms being small ,  "ve r t i ca l "  can be  any d i r e c t i o n  t h a t  i s  both 
p a r a l l e l  t o  t h e  r e s u l t a n t  impact v e l o c i t y  and normal t o  t h e  landing sur face . )  
In  f i g u r e  2 t h e  major l i m i t i n g  assumption i s  t h e  absence of  shea r  deformation 
( i . e . ,  t h e r e  i s  no compacted ma te r i a l  dragged outboard of  t h e  payload and no 
compacted material l i f t e d  o f f  t h e  landing s u r f a c e ) .  
Evaluat ion of t h e  s t r e s s  i n t e g r a l s  and v a r i a b l e  masses i n  t h e  governing 
equat ions i s  g r e a t l y  f a c i l i t a t e d  by in t roducing  t h e  compressive compacting 
s t r a i n  E and assuming t h a t  it i s  uniform throughout t h e  crushable  ma te r i a l ,  
t h a t  i s ,  
E = E k  = cons tan t  (1) 
Figure 3 shows t h e  general  v e r t i c a l l y  symmetrical landing geometry f o r  zero 
shea r  deformation and t h e  assumption of  equat ion (1 ) .  The l a t t e r  assumption 
i s  i l l u s t r a t e d  by the  f a c t  t h a t  hpl  i s  cons tan t  and m c l  i s  a fo re shor t ­
ened image of V c .  
Figure 4 s p e c i a l i z e s  t h e  geometry t o  concent r ic  spheres  (although most 
of  t h e  r e s u l t i n g  s i m p l i f i c a t i o n s  would be r e a l i z e d  as wel l  by concent r ic  
s p h e r i c a l  segments).2 I t  i s  f u r t h e r  assumed t h a t  t h e  crushable  ma te r i a l  has a 
s p e c i f i c  d i r e c t i o n  f o r  maximum normal crushing stress,  t h a t  t he  ma te r i a l  has  
been segmented and o r i e n t e d  t o  make t h a t  d i r e c t i o n  r a d i a l ,  and t h a t  s t r e s s e d  
a reas  with normals d i f f e r i n g  by an angle et from t h a t  r a d i a l  d i r e c t i o n  f e e l  
normal s t r e s s e s  CI determined by t h e  law 
where the  r e s t r i c t i o n  et 5 90"  i s  requi red  s i n c e  t h e  load has t o  be  t r a n s ­
f e r r e d  from the  lower t o  t h e  upper hemisphere of c rushable  ma te r i a l ,  and 
where the  r e s t r i c t i o n  i s  au tomat ica l ly  met i n  a l l  c a l c u l a t i o n s  f o r  nonzero 
payload r a d i u s .  (See re f .  5 f o r  a l t e r n a t e  a n i s o t r o p i c  r e l a t i o n s h i p s  .) 
Governing equat ions corresponding t o  t h e  summary j u s t  given a r e  
developed i n  appendix A .  They a r e  s p e c i a l i z e d  f o r  var ious  combinations of 
t he  fol lowing independent assumptions: 
1. 	 Neglect of v a r i a b l e  mass e f f e c t .  In  t h i s  assumption t h e  accumulation 
of  crushed cas ing  ma te r i a l  on t h e  payload and/or t h e  landing s u r f a c e  
i s  neglec ted .  The assumption i s  accomplished by s e t t i n g  pck = 0 .  
2The spheres  were s e l e c t e d  because of t h e i r  a b i l i t y  t o  absorb impact 
energy i n  any d i r e c t i o n  ( i . e . ,  t o  handle unoriented impacts) .  Such impacts 
may occur due t o  aerodynamically uns t ab le  landing conf igu ra t ions ,  a s t r o n g  
l a t e r i a l  wind with a s t e e p  landing su r face ,  o r  te rmina l  guidance f a i l u r e  o r  
absence. 
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2.  	 Neglect of  b u i l t - u p  material e f fec t .  I n  t h i s  assumption s t r e s s e s  a r e  
eva lua ted  a t  t h e  s u r f a c e  of i n f i n i t e l y  t h i n  s h e e t s  of crushed mate­
r ia l  r a t h e r  than b u i l t - u p  volumes. The assumption i s  accomplished 
by s e t t i n g  Ek = 1. 
3 .  	 Neglect of  v a r i a b l e  r e s i s t a n c e  t o  payload pene t r a t ion .  I n  t h i s  
assumption t h e  stress and f o r c e  on t h e  payload r e t a i n  t h e i r  i n i t i a l  
pene t r a t ion  va lue  f o r  t h e  e n t i r e  p e n e t r a t i o n  s t r o k e .  The assumption 
i s  accomplished by s e t t i n g  Fpo(e) = 1. 
Appendix A i s  presented  because a r e l a t i v e l y  complete t h e o r e t i c a l  
development, i nc lud ing  v a r i a b l e  mass, b u i l t - u p  m a t e r i a l ,  and payload penet ra ­
t i o n ,  i s  needed i n  t h e  l i t e r a t u r e .  The development i s  r e l ega ted  t o  an appen­
d i x  because t h e  d e t a i l s  are not  needed t o  understand t h e  rest o f  t h e  r e p o r t .  
If t h e  r eade r  wishes t o  l o c a t e  a s p e c i f i c  r e s u l t  o r  de r iva t ion ,  he can r e f e r  
t o  t h e  var ious  subdiv is ions  of  appendix A l i s t e d  i n  t h e  Table o f  Contents.  
DESIGN PROCEDURES FOR SPHERICAL GEOMETRY 
General Design Conditions 
The zero-ve loc i ty  te rmina t ion  condi t ions  d e f i n i n g  t h e  end of impact are 
equat ions (A46) and (A47). For a minimum weight des ign ,  t h e  te rmina t ion  con­
d i t i o n s  should occur  when t h e  payload o r  t h e  compacted material b u i l t  up on 
i t  ( i n  the  case of  payload pene t r a t ion )  touches t h e  compacted mater ia l  b u i l t  
up on t h e  landing s u r f a c e ,  t h a t  i s ,  when t h e  sphere  of  r ad ius  Rp touches 
t h e  region mcl i n  f i g u r e  4(b) o r  when t h e  two compacted regions touch i n  
f i g u r e  4 ( c ) .  The s i z e  of  t h e  compacted regions i s  based on t h e  t r u e  ma te r i a l  
compacting s t r a i n  Em.  The quan t i ty  Em i s  i d e n t i c a l  t o  t h e  &k of equa­
t i o n  (1) except f o r  t h e  op t iona l  use of f i c t i t i o u s  values  f o r  E k  i n  t h e  
equat ions of  motion o f  appendix A .  I f  a margin o f  s a f e t y  i s  des i r ed ,  l a r g e r  
compacted regions can be  envis ioned on t h e  b a s i s  of a f i c t i t i o u s  design 
compacting s t r a i n  c a l l e d  Ed, where 
If L i s  def ined  as the  d i s t ance  between t h e  f i c t i t i o u s  compacted 
regions a t  t h e  end of t h e  impact s t r o k e ,  o r  between one such region and t h e  
payload, then t h e  design condi t ion  f o r  con tac t  i s  
where Rp i s  the  payload r ad ius  and R t h e  o v e r a l l  r ad ius .  With Ek 
replaced by Ed, it can be  deduced from equat ions  (A12) and f i g u r e  4 t h a t  
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where qpmax i s  t h e  maximum absolu te  payload displacement during impact. 
If qmax is t h e  corresponding displacement of t h e  uncrushed crushable  mate­
r i a l ,  then qpmax = qmax i n  t h e  absence of  payload pene t r a t ion .  When 
L 	 > 0 ,  t h e  process  i s  phys ica l ly  r e a l i z a b l e ,  although no t  a minimum weight 
design f o r  t h e  p re sen t  s p h e r i c a l  geometry. When L < 0 ,  t h e  process  i s  no t  
phys i ca l ly  r e a l i z a b l e ;  b u t  cases  f o r  L < 0 may be  recorded i n  t h e  process  of  
seeking L = 0 .  
A second design condi t ion ,  having a less obvious r e l a t i o n  t o  minimum 
weight design, i s  concerned with t h e  maximum design dece le ra t ion  nmdge, 
where ge i s  t h e  a c c e l e r a t i o n  due t o  g rav i ty  on e a r t h  and n,d t h e  maximum 
design g loading.  If npmaxge i s  t h e  a c t u a l  payload maximum dece le ra t ion ,  
t h e  design condi t ion  i s  
For c e r t a i n  types of energy absorbing ma te r i a l  o r  s t r u c t u r e ,  t h e  minimum 
weight design c a l l s  f o r  
"Pmax 1 ( 7 )- =  
nmd 
For o t h e r  types ,  any value of  nPmax'nmd s a t i s f y i n g  equat ion (6) may y i e l d  a 
minimum weight design,  with t h e  c r i t i c a l  parameter be ing  a proper ty  of  t h e  
crushable  casing (such as ao) .  
The quan t i ty  npmax/nmd i n  equat ions (6) and ( 7 )  i s  t h e  maximum of  t h e  
quan t i ty  np/nmd i n  equat ions (A32) and (A41). (See a l s o  eqs .  (A48), (A51), 
(A55) , and (A59) f o r  var ious  s p e c i a l i z a t i o n s  .) I f  v a r i a b l e  mass and b u i l t - u p  
ma te r i a l  a r e  neglec ted  i n  t h e  ana lys i s  (by s e t t i n g  pck = 0 and &k = 1, 
re spec t ive ly )  , then npmax occurs a t  q = qp = R/2 i n  t h e  absence of payload 
pene t r a t ion ,  providing q o r  qp becomes t h a t  l a rge .  
A minimum weight design i s  sought f o r  a given payload mass, mpo,  
payload r ad ius ,  Rp,  impact v e l o c i t y ,  Uo, design compacting s t r a i n ,  Ed, and max­
imum permiss ib le  g loading,  nmd, with t h e  ma te r i a l  choice being a r b i t r a r i l y  
l imi t ed  t o  two c l a s s e s  of c rushable  m a t e r i a l .  Where equat ion (7) gives  t h e  
minimum weight design,  t h e  q u a n t i t i e s  t o  be  determined a r e  the  o v e r a l l  r a d i u s ,  
R ,  t h e  maximum normal s t r e s s ,  cro, and t h e  dens i ty ,  pcm, o f  t he  crushable  mate­
r i a l  (from which t h e  weight can be  c a l c u l a t e d ) .  I f  t h e  opt imiza t ion  permits  
equat ion ( 6 ) ,  then a proper ty  such as 00 must b e  s p e c i f i e d ;  and R and Pcm 
remain t o  be determined (with nPmax a by-product) .  In  e i t h e r  case ,  t h e  
determinat ion r equ i r e s  t h a t  a r e l a t i o n  between o0 and pcm b e  known f o r  t h e  
c rushable  ma te r i a l  , thereby e f f e c t i v e l y  reducing t h e  number of  unknowns by 
one. 
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The r equ i r ed  r e l a t i o n  between u0 and pcm can b e  determined 
experimental ly  f o r  a v a r i e t y  of  materials and s t a t e d  d i r e c t l y  as i n  r e f e r ­
ence 2 (p.  259). I t  i s  common, however, t o  i n t roduce  a parameter f o r  which 
values  are widely known, namely, t he  s p e c i f i c  energy absorp t ion  (SEA) which 
i s  def ined as 
SEA E (&) 
and which should gene ra l ly  b e  as l a r g e  as p o s s i b l e .  The r e l a t i o n  between 
oo and P c m  can b e  expressed by g iv ing  SEA i n  terms of  oo. With o = oo 
and E = E ~ ,t h e  product  o0cm i s  t h e  a rea  enclosed by t h e  dashed l i n e s  i n  
f i g u r e  l ( a ) ,  which i s  t h e  energy absorbed p e r  u n i t  volume. Dividing t h i s  
product by Pcmge gives  equat ion (8) and shows SEA t o  b e  t h e  energy 
absorbed p e r  u n i t  mass. 
Figure 5 shows the  v a r i a t i o n  of SEA with uo f o r  a b a l s a - l i k e  c l a s s  
of material and a honeycomb-like c l a s s  of material (neg lec t ing  g l u e - j o i n t  
weight and the  e f f e c t s  of  high impact v e l o c i t y  and low temperature) .  The 
equat ion f o r  SEA i n  terms of  oo given f o r  t h e  b a l s a - l i k e  ma te r i a l  i n  f i g ­
ure  5 i s  
SEA 24,000 f t - l b / l b  , 800 p s i  2 a. 5 1,200 p s i  
SEA = 7.49x106 f t - l b / l b  , 1,200 p s i  2 oo 2 1,800 p s i
8 1  
The b a l s a - l i k e  ma te r i a l  i s  b a l s a  i n  the  sense  t h a t  t h e  second of  equat ions (9) 
i s  deduced from the  curve f i t  of re ference  2 (p .  259) which c lose ly  approxi­
mates the  da t a  t h e r e i n  f o r  soli'd b a l s a  of  var ious  d e n s i t i e s .  The ma te r i a l  
i s  considered t o  b e  only b a l s a - l i k e ,  however, because t h e  f i r s t  of equat ions 
(9) and t h e  dashed po r t ion  of t h e  b a l s a - l i k e  curve i n  f i g u r e  5 a r e  assumed t o  
be v a l i d  f o r  a hypo the t i ca l  cored b a l s a  ( f o r  which cores  of  ma te r i a l  a r e  
removed i n  t h e  r a d i a l  d i r e c t i o n ) .  The assumption is  t h a t  roughly one- th i rd  
of the  ma te r i a l  can be  removed from t h e  l i g h t e s t  ( lowest dens i ty)  s o l i d  b a l s a ,  
giving a oo range from 800 t o  1,200 p s i ,  wi thout  reducing t h e  SEA by 
in t roducing  s i g n i f i c a n t  buckling,end e f f e c t s ,  and/or Poisson ' s  r a t i o  e f f e c t s ;  
and t h i s  assumption seems reasonable .  I t  should b e  noted  t h a t  t h e  only cor­
robora t ive  case where SEA decreases  with i n c r e a s i n g  oo i n  re ference  4 i s  
f o r  dry b a l s a  (0-percent  mois ture) ,  atmospheric p r e s s u r e ,  and an ambient tem­
pe ra tu re  of approximately 78" F .  
The curve f o r  t h e  honeycomb-like ma te r i a l  i s  presented  i n  f i g u r e  5 s o  
t h a t  r e s u l t s  can be  deduced f o r  lower SEA values  and a l s o  f o r  t he  r e l a t i v e l y  
common case where SEA increases  with inc reas ing  oo .  The equat ion given i n  
f i g u r e  5 is  
SEA = 478.5 000 '446 f t - l b / l b  , 600 p s i  oo 1700 p s i  (10) 
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The ma te r i a l  i s  c a l l e d  honeycomb-like r a t h e r  than  a s p e c i f i e d  honeycomb 
because equat ion (10) i s  deduced from a curve f i t  i n  r e fe rence  2 (p .  259) 
, t h a t  r a t h e r  loose ly  f i t s  d a t a  f o r  s e v e r a l  types of  aluminum and f i b e r g l a s s  
honeycomb having a v a r i e t y  o f  d e n s i t i e s .  I t  should b e  noted  t h a t  re ference  2 
makes no mention as t o  whether equat ions  (9) and (10) inco rpora t e  t h e  dynamic 
e f f e c t s  of damping and dynamic buckl ing ( see  i t e m  3 i n  "Summary of 
Fundamental Assumptions and Limitations") . 
Design Procedure f o r  S impl i f i ed  Model Without Payload Pene t r a t ion  
For the  a n a l y t i c a l  model l abe led  "s implif ied" i n  t h e  p re sen t  r e p o r t ,  it 
i s  assumed t h a t  v a r i a b l e  mass can b e  neglec ted  ( s e t t i n g  pck = 0 ) ,  t h a t  b u i l t -
up ma te r i a l  can a l s o  be  neglec ted  ( q  = 1 ) ,  t h a t  g r a v i t y  fo rces  are i n s i g n i f i ­
cant  (g = 0 ) ,  and t h a t  t h e  r e s i s t a n c e  t o  payload p e n e t r a t i o n  i s  cons tan t  
(Fpo(e) = 1 ) .  Under the  f i rs t  t h r e e  o f  t hese  assumptions (with t h e  l a s t  
requi red  only f o r  p e n e t r a t i o n ) ,  equat ions (ASS) and (A62) apply ( i n  a s impl i ­
f i e d  form with g = 0) and t h e  d i v i s i o n  of  t h e  l a t t e r  by t h e  former gives  
(with d e f i n i t i o n s  from eq .  (A54)) 
Equation (ASS) i s  a parabola  with npmax a t  y = (R/Rp)/2. Hence, f o r  t h e  
p re sen t  r e s t r i c t i v e  case ,  npmaxge i s  the  a c c e l e r a t i o n  a t  ymax as long as 
Ymax ( ~ / R p ) / z - I f  Ymax 2 ( ~ / ~ p ) / z ,npmaxge i s  t h e  a c c e l e r a t i o n  a t  
y = (R/Rp)/2. Thus equat ion  (11) can be expressed i n  terms o f  *pmax as 
I f  equat ions (12) and (13) a r e  mul t ip l i ed  through by Rp/R and i f  t h e  f i rs t  
of equat ions (AS4) i s  used ( g i v i n g  ymax = zmax (R/Rp)) t h e  r e s u l t  i s  
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Equations (14) and (15) ,  which are app l i cab le  only i n  t h e  absence o f  
payload pene t r a t ion ,  a r e  p l o t t e d  i n  f i g u r e  6 as zmax versus  uO2/(nPmaxge)R. 
-Figure 6 can be  used t o  determine zmax 7 qmax/R on t h e  b a s i s  of Uo,  R ,  
and nPmax ’ - and t h e  payload r ad ius  Rp simply has  t o  be  small enough no t  t o  
i n t e r f e r e  with qmax 
An i n t e r e s t i n g  f e a t u r e  i n  f i g u r e  6 is t h a t  Zmax i s  determined with no 
knowledge o f  oo,  mco,  o r  mpo. Once Zmax i s  known, however, mco can be  
found f o r  a given mPo and cso according t o  
z n c s o ~ 3  
mco = 2 Zmax (1 - - zmax)-mpo 
U O  
as der ived from equat ions (A62) and (A39) with g = 0 .  I t  i s  s t i l l  no t  
necessary t o  know Rp. For a minimum weight des ign ,  however, Rp must be 
known o r  determined; and equat ion (4) must be  s a t i s f i e d  according t o  the  
d e f i n i t i o n  i n  equat ion (5).  In add i t ion ,  t h e  SEA , as def ined i n  equat ion 
( 8 ) ,  may be known i n s t e a d  of o0 .  When equat ions  (4 ) ,  (5) ,  and ( 8 ) ,  with 
Zmax 3 qmax/R = qpmax/R and mco = (4/3)npCm(R3 - Rp3), a r e  introduced i n t o  
equat ion (16),  t h e  r e s u l t  i s  
where the  symbol J,, i s  introduced f o r  convenience. Equation (17) can be 
used t o  determine mco f o r  a given zmax (which impl ies  knowledge of  Uo and 
ge as ind ica t ed  i n  f i g .  6 )  i f  Ed, Em,  SEA, and mpo are known (with E m  
a c t u a l l y  cancel ing t h e  same quan t i ty  i n  SEA). In  f i g u r e  7, equat ion (17) i s  
p l o t t e d  f o r  Ed = 0 . 7 ,  0 . 8 ,  and 0 . 9 .  The t h r e e  c ros s -p lo t t ed  values  o f  Rp/R 
s e rve  as a reminder t h a t  f i g u r e  7 r ep resen t s  a design f o r  which contac t  would 
occur between t h e  payload and the  compacted ma te r i a l  i f  t h a t  mater ia l  had a 
compacting s t r a i n  o f  Ed in s t ead  of  E m  ( s ee  t h e  ske tch ,  f i g .  7 ) .  
In  the  absence of  payload pene t r a t ion ,  f i g u r e s  6 and 7 a r e  s u f f i c i e n t  
f o r  t he  s i m p l i f i e d  model i f  R i s  given and Rp i s  t o  b e  determined. I f  
Rp i s  given, f i g u r e s  6 and 7 remain u s e f u l  as a check and as a means of determining Zmax, b u t  two d i f f e r e n t  f i g u r e s ,  based on Rp,  a r e  more usefu l  
f o r  t h e  o r i g i n a l  design.  The f i r s t  of t h e s e  i s  determined by in t roducing  
equat ions ( 4 )  and (5) i n t o  equat ions (13) and (12) as a s u b s t i t u t e  f o r  
Ymax E qmax/Rp = qpmaX/Rp, Yielding 
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Equations (18) and (19) are p l o t t e d  f o r  Ed = 0 .7 ,  0 . 8 ,  and 0.9 i n  f i g u r e  8.  
Figure 9 i s  the  companion t o  f i g u r e  8 and i s  found by us ing  equat ions 
(4)  and (5) t o  de f ine  a replacement f o r  zmax qmax/R = qpmax/ R  i n  equa­
t i o n  (17) .  The Rp/R found i n  f i g u r e  8 then determines Jm, i n  f i g u r e  9 ,  
and Jm, determines mco as be fo re .  The ske tches  i n  f i g u r e s  8 and 9 show 
the  same design conf igura t ion  as t h a t  i n  f i g u r e  7 ,  l eav ing  f i g u r e  6 as t h e  
only one f o r  which contac t  i s  n o t  requi red  f o r  compacted ma te r i a l  based 
on Ed. 
Design Procedure f o r  S impl i f ied  Model With Payload Penet ra t ion  
Payload pene t r a t ion  was n o t  permi t ted  i n  f i g u r e s  6 through 9 (because 
o f  a hypo the t i ca l  p e r f e c t  bond).  I f  pene t r a t ion  i s  now permi t ted  (because of  
t he  t o t a l  absence -of bonding) ,  t h e  f irst  s t e p  i s  t o  determine whether it w i l l  
occur .  I t  w i l l  occur  i f  t h e  design without  pene t r a t ion  gives  
Z max ' 'S ( 2 0 )  
where zs i s  the  dimensionless displacement a t  which t h e  area of ma te r i a l  
be ing  crushed becomes l a r g e  enough t o  cause s u f f i c i e n t  dece le ra t ion  f o r  pene­
t r a t i o n .  The quan t i ty  zs i s  def ined  by equat ion (A58)  as modified by t h e  
change of v a r i a b l e ,  ys = zs(R/Rp). The modified equat ion ,  p l o t t e d  i n  f i g u r e  
10, is 
(ql
mPo 
=+ 2)2ZS(1 - zs) 
The curve is  cu t  o f f  a t  zs = 0 .5 ,  which i s  t h e  maximum value  a t  which pene­
t r a t i o n  can occur  f o r  t h e  p re sen t  approximation (as  seen by t h e  maximum fo rce  
i n  eq.  ( A 5 2 ) ) .  Figure 10, whi le  no t  u l t i m a t e l y  e s s e n t i a l  f o r  design purposes ,  
i s  use fu l  as a check, and the  magnitude of  zs i s  s i g n i f i c a n t  i n  eva lua t ing  
t h e  importance of  p e n e t r a t i o n  o r  p o t e n t i a l  pene t r a t ion .  
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The first of  t he  two main design f i g u r e s  f o r  pene t r a t ion  i s  based p a r t l y  
on the  f i r s t  of equat ions (A59) and t h e  l a s t  o f  equat ions  (A39) with g = 0 
and np -- npmax = cons tan t .  This y i e l d s ,  as expected f o r  t h e  p re sen t  
assumptions, 
Equation (22) i s  used, t oge the r  with equat ion  (21) ,  equat ion (A64) f o r  g = 0 ,  
t he  last  of equat ions (A39), t h e  f irst  and second of equat ions (A54), and 
-equat ions (4) and (5) f o r  zPmax = qpmax/ R ,  t o  i d e n t i f y  t h e  v a r i a b l e  NRU as fol lows:  
The purpose i n  i s o l a t i n g  NRU i s  t o  ob ta in  a s i n g l e  unknown (Rp/R) i n  terms 
of  zs and Ed, with a f a c t o r  t h a t  i s  a func t ion  of known q u a n t i t i e s  (Uoy Ed, 
%max, ge, Rp). The next  s t e p  i s  t o  i s o l a t e  a v a r i a b l e  f o r  mco/?, wi thout  
Rp/R. This i s  accomplished by d iv id ing  equat ion  (21) by t h e  square of  equa­
t i o n  ( 2 3 ) .  The r e s u l t i n g  v a r i a b l e ,  c a l l e d  Nmu, i s  
(24) 
Figure 11 i s  a p l o t  of NRU versus  Nmu f o r  Ed = 0 . 7 ,  0 . 8 ,  and 0 .9 .  
The p l o t  i s  cons t ruc ted  by s e l e c t i n g  numbers f o r  zs between 0 and 0 . 5  and 
c a l c u l a t i n g  the  corresponding values  of NRU and Nmu according t o  equat ions 
(23) and (24 ) .  A r e l a t i o n s h i p  between R and mco i s  e s t a b l i s h e d  i n  f i g u r e  
11 i n  terms of  t h e  known q u a n t i t i e s  U o ,  ~ d ,npma,, ge, Rp,  and mpo ( i n  con­
trast  t o  f i g .  8 without  pene t r a t ion ,  where R can be  determined from known 
q u a n t i t i e s  and used i n  determining mco i n  f i g .  9 ) .  The ske tch  i n  f i g u r e  11 
shows the  design condi t ion  i m p l i c i t  i n  equat ions (4) and (5) f o r  pene t r a t ion ,  
namely, contac t  between t h e  two regions of  compacted material i f  were 
rep laced  by Ed. 
A d e f i n i t i o n  and a volume dens i ty  r e l a t i o n s h i p  a r e  use fu l  a t  t h i s  p o i n t ,  
namely: 
N E wpo (mco/mpo) -- wco 
mcT - mco = s[(kr - 11 (25) 
where Wpo and Wco are t h e  o r i g i n a l  weights o f  t h e  payload and crushable  
ma te r i a l ,  r e s p e c t i v e l y .  Equation (25) i s  p l o t t e d  i n  f i g u r e  1 2 ;  it i s  usefu l  
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with o r  without  payload p e n e t r a t i o n  and does n o t  depend on any assumptions. 
For t h e  case of  payload pene t r a t ion ,  however, and f o r  t h e  s p e c i a l  assumptions 
o f  t h e  s i m p l i f i e d  design,  equat ion  (22) app l i e s  and can be  s u b s t i t u t e d  i n t o  
equat ion (25) with equat ion (8) t o  give 
With equat ion (26) ,  m c o / ~ o  can b e  determined from N, wi thout  knowing Pcm. 
Thus f i g u r e  12 becomes t h e  companion f o r  f i g u r e  11 i n  an i t e r a t i v e  design pro­
cedure f o r  payload pene t r a t ion .  The procedure i s  simply t o  select  an i n i t i a l  
value f o r  mco/mpo, c a l c u l a t e  Nmu i n  terms of mco/mpo and known q u a n t i t i e s ,  
determine NRU from f i g u r e  11, eva lua te  Rp/R i n  terms of Nw and known 
q u a n t i t i e s ,  determine Nm, from f i g u r e  1 2 ,  c a l c u l a t e  a second va lue  o f  
mco/mpo i n  terms o f  Nmo and known q u a n t i t i e s ,  and r epea t  t h e  process  u n t i l  
two values  o f  mco/mpo agree t o  t h e  accuracy permi t ted  by t h e  f i g u r e s .  
The i t e r a t i v e  procedure j u s t  descr ibed  could have been avoided, of  
course,  by combining equat ions (21) through (26) i n t o  a polynomial f o r  zs .  
This  polynomial could b e  so lved  f o r  s e l e c t e d  paramet r ic  values  of  
Uo2/2~dnpmaxgRe P  and SEA/nPmaxemRp, toge the r  with values  of  Ed such as those 
s e l e c t e d  f o r  t he  i t e r a t i v e  c h a r t s ,  and Rp/R and mco/mpo could b e  determined 
accordingly.  Such a procedure was avoided, however, because of  t he  s t r o n g  
l i ke l ihood  t h a t  a reasonably l i m i t e d  group of paramet r ic  values  would not  have 
s u f f i c i e n t l y  broad a p p l i c a b i l i t y .  
S p e c i a l i z a t i o n  of  Design Procedures f o r  S impl i f i ed  Model 
t o  Mater ia l s  of  Figure 5 
Regardless of  whether pene t r a t ion  is  absent  o r  p r e s e n t ,  it i s  apparent 
t h a t  a l l  of t he  design f i g u r e s  (6 through 12) are e s s e n t i a l l y  independent of  
t h e  material o r  s t r u c t u r e  s e l e c t e d  f o r  energy absorp t ion .  To c a l c u l a t e  mco 
from f i g u r e s  7, 9 ,  and 1 2 ,  however, an SEA has t o  b e  s e l e c t e d .  With mco 
and R determined by t h e  f i g u r e s  and Rp known i n  advance, pcm can be  calcu­
l a t e d  (with the  a i d  of f i g .  1 2  i f  d e s i r e d ) ;  and oo can then b e  found f o r  t h e  
s e l e c t e d  SEA according t o  equat ion (8). A l l  t h i s  impl ies  t h e  assumption 
t h a t  a material having t h e  ca l cu la t ed  p r o p e r t i e s  i s  a v a i l a b l e  o r  t h a t  a 
corresponding s t r u c t u r e  can be  cons t ruc ted .  
For t h e  comparison purposes of  t h i s  paper ,  however, t h e  ma te r i a l s  are 
r e s t r i c t e d  t o  a choice between t h e  two c l a s s e s  descr ibed  i n  f i g u r e  5 .  With 
f i g u r e s  6 through 1 2  having been cons t ruc ted  independent ly  of  f i g u r e  5 ( i n
the  i n t e r e s t  o f  g e n e r a l i t y ) ,  t h e  use o f  f i g u r e  5 imposes a t r i a l - a n d - e r r o r  (o r  
t ranscendenta l )  s o l u t i o n  f o r  those  designs i n  which payload p e n e t r a t i o n  i s  
absent .  The t r a i l - a n d - e r r o r  s o l u t i o n  i s  aided by inco rpora t ing  equat ions (8) 
and (25) i n t o  equat ion  (17) t o  y i e l d  
EmJmo 
SEA = (2 7) 
(ge&d/Uo - (Jmuwp010 "Rp 
13  
On t h e  b a s i s  of  given values  of Em,  ge, Ed, Uo,  Wpo, Rp, and npmax, p lus  
values  of  Jmuand Nm, determined according t o  f i g u r e s  8 ,  9 ,  and 1 2 ,  t h e  
q u a n t i t i e s  EmJmO,  geEd/Uo2, and Jm,Wpo/Nmo~Rp~i n  equat ion  (27) can be  
ca l cu la t ed  i n  advance. Equation (27) and f i g u r e  5 then become t h e  b a s i s  f o r  
t h e  numerical s o l u t i o n .  
A sample c a l c u l a t i o n  f o r  t he  t r i a l - a n d - e r r o r  s o l u t i o n  j u s t  descr ibed is  
given i n  appendix B .  I t  should be  noted t h a t  t h e  t r a i l  and e r r o r  of appendix 
B would have been e l imina ted  i f  t h e  SEA had been cons tan t  - d e s p i t e  va r i a ­
t i o n s  i n  ua,  as f o r  t h e  b a l s a - l i k e  curve i n  f i g u r e  5 when uo < 1,200 p s i .  
There i s ,  however, another  type of  t r i a l  and e r r o r  t h a t  occurs when a spe­
c i f i c  va lue  of uo ,  r a t h e r  than npmax 9 is  sought .  In  t h i s  case,  ca lcu la­
t i o n s  l i k e  those  i n  appendix B (but without  t h e  uo - SEA t r i a l s )  must be 
performed f o r  success ive  s e l e c t i o n s  of  "Pmax u n t i l  uo approaches the  des i r ed  value.  
If ( i n  c o n t r a s t  t o  appendix B) payload p e n e t r a t i o n  i s  p resen t ,  t h e  use of 
t he  s p e c i f i c  ma te r i a l s  i n  f i g u r e  5 does no t  impose a t r a i l - a n d - e r r o r  so lu­
t i o n .  The reason is  t h a t  t he  unknown mco does no t  appear i n  equat ion ( 2 2 ) .  
In  add i t ion ,  t he  s i m p l i c i t y  of equat ion (22) means t h a t  e i t h e r  uo o r  npmaxcan be s e l e c t e d  without  r equ i r ing  t r i a l  and e r r o r .  
A sample c a l c u l a t i o n  f o r  t h e  i t e r a t i v e  p e n e t r a t i o n  procedure descr ibed 
ea r l i e r  i s  given i n  appendix C f o r  t he  b a l s a - l i k e  ma te r i a l  o f  f i g u r e  5 .  
Only t h r e e  i t e r a t i o n s  a r e  needed i n  appendix C because of  a f o r t u n a t e  i n i t i a l  
guess of mco/mpo. The i n i t i a l  guess was based f o r  a l l  c a l c u l a t i o n s  on o t h e r  
pene t r a t ion  cases  o r  p r i o r  examples without  p e n e t r a t i o n ,  and t h e  worst  guess 
requi red  f i v e  i t e r a t i o n s .  When a pene t r a t ion  design i s  n o t  f e a s i b l e ,  e i t h e r  
t he  uo value of  equat ion (22) w i l l  be  beyond t h e  range of f i g u r e  5 ,  o r  t h e  
i t e r a t i o n s  w i l l  move o f f  t he  curves of f i g u r e s  11 and 1 2 .  
Computer Procedures 
A se t  of  t h r e e  computer procedures has  been programmed t o  eva lua te  t h e  
governing equat ions of  t he  impact problem f o r  spheres  (eqs . (A32) , (A37) , and 
(A41)) i n  accordance with the  appropr ia te  te rmina t ion  condi t ions  (eqs . (A46) 
and (A47)) and t h e  appropr ia te  design condi t ions  (eqs.  (4) ,  ( 6 ) ,  and ( 7 ) ) .  
These procedures are descr ibed i n  appendix D .  They can b e  used t o  check t h e  
s i m p l i f i e d  model designs o r  t o  i n i t i a t e  s i m p l i f i e d  designs and o t h e r  designs 
based on more complicated models. 
S p e c i f i c a l l y ,  of t h e  t h r e e  computer procedures ,  two a r e  designs i n  t h a t  
they automatical ly  i t e r a t e  i n i t i a l  guesses t o  determine requi red  crushable  
casing parameters .  One of t he  two design procedures v a r i e s  t h e  o v e r a l l  r ad ius  
R and the  material maximum crushing s t r e s s  uo t o  achieve a des i r ed  acce l ­
e r a t i o n ,  as ind ica t ed  by equat ion ( 6 )  o r  equat ion  ( 7 ) ,  and a des i r ed  r a t i o  of  
s t r o k e  t o  a v a i l a b l e  s t r o k e ,  as suggested by equat ion ( 4 ) .  This program i s  
app l i cab le  only i n  t h e  absence of payload p e n e t r a t i o n .  The o t h e r  design
varies only R f o r  a s e l e c t e d  oo ( f ixed  ma te r i a l  once SEA o r  a p l o t  o f  
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SEA versus uo i s  s e l e c t e d )  and achieves only t h e  des i r ed  s t r o k e  r a t i o .  I t  
app l i e s  both with and without  pene t r a t ion .  
Penet ra t ion  r equ i r e s  only a search  f o r  R s ince uo i s  e s s e n t i a l l y  
determined i n  t h a t  case r ega rd le s s  o f  R o r  t h e  s t r o k e .  The reason becomes 
apparent  when the  f irst  o f  equat ions (A41) i s  modified a t  t h e  s t a r t  o f  pene­
t r a t i o n  (e = de/dx = 0) by equat ions  (A45), (A42), and t h e  l a s t  o f  equat ions 
(A39) t o  g ive  the  expected r e s u l t  
= - - +  rRpZuog 
npmax ge %age 
where the  approximate e q u a l i t y  s i g n  i s  used because n
Pmax 
d i f f e r s  s l i g h t l y  
from t h e  value a t  t h e  s t a r t  of  pene t r a t ion  f o r  t h e  d e t a i l e d  model (by a t  most 
one p a r t  i n  a thousand f o r  t h e  p re sen t  examples). Equation (28) determines 
bo f o r  a given n r ega rd le s s  of  R o r  t he  s t r o k e .
Pmax 
The t h i r d  computer procedure can a l s o  be  used with o r  without  pene t r a t ion  
bu t  i s  not  programmed t o  i t e r a t e  and produce a design.  Hence it can be  used 
only t o  check a given conf igura t ion .  
I t  should be noted t h a t  a l l  t h r e e  programs permit SEA t o  be  s e l e c t e d  
a r b i t r a r i l y  o r  ca l cu la t ed  ( a f t e r  uo i s  s e l e c t e d )  according t o  equat ions (9) 
and (10) f o r  t he  ma te r i a l s  considered h e r e i n .  
Design Procedure f o r  Deta i led  Model With and 
Without Pay load Pene t r a t ion  
The d e t a i l e d  model i s  t h e  second of t he  two approximate a n a l y t i c a l  
models. Where t h e  s i m p l i f i e d  model had pck = 0 ,  Ek = 1, g = 0 ,  and 
Fpo(e) = 1, t h e  d e t a i l e d  model has 
equat ion (A45), 
pck = pcm, Ek = E ~ ,g = gL, and from 
2 -d h e s p  + e2 + 1 (esp + l ) s p  dsp F PO (e) = 
The pck = pcm equat ion means t h a t  t h e  d e t a i l e d  model incorpora tes  v a r i a b l e  
mass (accumulating on the  payload and/or t h e  landing su r face )  according t o  
t h e  crushable  ma te r i a l  dens i ty ,  and Ek = E,, impl ies  a f i n i t e  volume of 
compacted material i n s t e a d  of an i n f i n i , t e l y  t h i n  s h e e t  t o  determine t h e  su r ­
face f o r  stress eva lua t ion .  The equat ion g = gL simply incorpora tes  a 
n e g l i g i b l y  small g r a v i t y  t e r m  f o r  completeness, and t h e  i n t e g r a l  f o r  Fpo(e)
permits  a c a l c u l a t e d  dev ia t ion  from a cons tan t  r e s i s t a n c e  t o  pene t r a t ion .  
While t h e  computer procedures descr ibed  i n  t h e  previous subsec t ion  
c o n s t i t u t e  an a l t e r n a t i v e  t o  f i g u r e s  5 through 1 2  f o r  t h e  s i m p l i f i e d  model, 
they c o n s t i t u t e  t h e  only design procedure presented  h e r e i n  f o r  t h e  d e t a i l e d  
model. O f  course,  f i g u r e s  5 through 12 remain use fu l  as s t a r t i n g  p o i n t s  f o r  
t h e  computer i t e r a t i o n s .  
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DESIGN RESULTS 	 AND DISCUSSION FOR SIMPLIFIED AND DETAILED 
MODELS HAVING SPHERICAL GEOMETRY 
Descr ip t ion  of  Design Examples and Most General Resul t s  
Thi r teen  examples have been ca l cu la t ed  by t h e  s i m p l i f i e d  and d e t a i l e d  
a n a l y t i c a l  models descr ibed  i n  t h e  previous s e c t i o n .  The impact v e l o c i t y  
Uo i s  taken t o  b e  300 f t / sec  f o r  a l l  examples, t h e  ma te r i a l  compacting
s t r a i n  E m  t o  be  0 .8 ,  t h e  design compacting s t r a i n  Ed t o  be  0 . 7 ,  and the  
payload maximum g loading t o  b e  2000 o r  less. The examples varynpmax 
i n  the  given payload weight Wpo, t h e  given payload r ad ius  Rp , t he  presence 

o r  absence of  a hypo the t i ca l  p e r f e c t  bonding, and/or t h e  given ma te r i a l .  

A l l  examples a r e  based on a choice between two c l a s s e s  of  crushable  

mate r i a l  - t h e  ba l sa - l i k e  and honeycomb-like ma te r i a l s  def ined  i n  equat ions 

(9) and (10) and shown i n  f i g u r e  5 .  The d e s i r e d  va lue  of  n
Pmax 
( f o r  which 

t he  l a b e l  rides is used where needed) i s  given f o r  some examples and t h e  

maximum crushing stress oo f o r  o t h e r s .  

The r e s u l t s  f o r  a l l  examples a r e  presented  i n  t a b l e  1 i n  terms of  t h e  
presence o r  absence o f  pene t r a t ion ,  t h e  va lue  o f  n
Pmax 
(if  not  given) o r  of  
cso ( i f  no t  g iven) ,  t h e  crushable  material dens i ty  Pcmge, t h e  s p e c i f i c  energy 
absorpt ion SEA, t h e  s t roke - to -po ten t i a l - s t a r t -o f -pene t r a t ion  r a t i o  q
Pmax
/qs,  
t h e  o v e r a l l  r ad ius  R ,  t h e  crushable  material weight Wco,  t h e  t o t a l  weight 
Wco + Wyo, and t h e  dimensionless unused s t r o k e  L / R .  When L/R  i s  negat ive ,  
t he  pay oad would go too  f a r  ( s l i g h t l y ,  f o r  t h e  p re sen t  examples) and cause 
excessive acce le ra t ions  i f  it were no t  f o r  t h e  s t r o k e  margin of s a f e t y  given 
by t h e  use ( i n  de f in ing  L/R) of t h e  f i c t i t i o u s  design compacting s t r a i n  Ed 
r a t h e r  than the  ma te r i a l  value Em.  
The r e s u l t i n g  q u a n t i t i e s  j u s t  l i s t e d  a r e  presented  f o r  t h e  s i m p l i f i e d  
and d e t a i l e d  models i n  t a b l e  1; the  corresponding r a t i o s  of  d e t a i l e d  t o  s i m ­
p l i f i e d  r e s u l t s  are presented  when t h e  r e s u l t s  a r e  numerical .  I t  is  apparent 
from t h e  Wco r a t i o s  t h a t  t h e  s i m p l i f i e d  model has  t h e  lower Wco.  
An important ground r u l e  f o r  t he  r a t i o s  o f  t a b l e  1 i s  t h a t  e i t h e r  t he  
cso r a t i o  o r  t he  n
Pmax 
r a t i o  i s  requi red  t o  b e  e s s e n t i a l l y  u n i t y .  The 
choice i s  made, a f t e r  t h e  s i m p l i f i e d  model has  been ca l cu la t ed ,  i n  favor of  
t h e  l i g h t e s t  r e s u l t i n g  d e t a i l e d  model. This gives  t h e  b e s t  weight r a t i o ,  
t h a t  i s ,  t he  r a t i o  c l o s e s t  t o  u n i t y .  
In  view of t h i s  choice,  it i s  no t  s u r p r i s i n g  t h a t  t h e  worst  cso o r  n 
Pmax 
r a t i o s  (of d e t a i l e d  t o  s i m p l i f i e d  r e s u l t s )  are f a r t h e r  from un i ty  than t h e  
worst  weight r a t i o s .  In  f a c t ,  t he  worst  r a t i o  of a l l  i s  1.2917 f o r  cso i n  
case 1 (except f o r  L / R ,  where numbers approach zero,  f o r t u n a t e l y ) .  This 
r a t i o ,  although not  excess ive ly  d i f f e r e n t  from u n i t y ,  r ep resen t s  a l a r g e  
enough d i f f e rence  i n  r equ i r ed  material (within t h e  honeycomb- l i k e  category of  
case 1) t h a t  a des igner  would wish t o  know whether t h e  s i m p l i f i e d  model i s  
numerical ly  more r e a l i s t i c  than the  d e t a i l e d  model o r  v i c e  versa. 
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In a footnote  of  t a b l e  1 it is  noted t h a t  t h e  s i m p l i f i e d  r e s u I t s  are 
"chart" r e s u l t s  (der ived from f i g s .  5 through 1 2 )  except f o r  t h e  L / R  column 
and cases 7 and 1 2 ,  which are automatic computer r e s u l t s .  The two cases 
(both without pene t r a t ion )  were added a f te r  t h e  computer design programs 
became a v a i l a b l e  and were ca l cu la t ed  by those  programs f o r  convenience. 
The s i m p l i f i e d  r e s u l t s  determined by t h e  c h a r t  method have been checked 
by t h e  computer checking program (as opposed t o  a design program). The 
der ived computer q u a n t i t i e s  n
Pmax and 'Pmax /qs 
had a maximum e r r o r  of  1 
percent  r e l a t ive  t o  t h e  c h a r t  method, and t h e  der ived  computer q u a n t i t y  L / R  
w a s  c lo se  t o  zero (ranging from -0.001781 t o  0.001163 with an average o f  
-0.000194) as compared t o  a zero c h a r t  va lue .  S l i g h t l y  l a r g e r  d i f f e rences  
between the  cha r t  method and t h e  computer checking method occurred f o r  Wco 
and Wco + Wpo, b u t  t hese  d i f f e rences  r e s u l t e d  pure ly  from e r r o r s  i n  calcu­
l a t i n g  crushable  material volumes i n  the  c h a r t  method. The cha r t  and compu­
t e r  r e s u l t s  combined t o  form smooth p l o t s  f o r  t h e  s i m p l i f i e d  model, as seen 
i n  f i g u r e s  13  and 14 .  
A l l  numerical r e s u l t s  from t a b l e  1 are p l o t t e d  i n  f i g u r e s  13  and 14 
except f o r  Wco + Wpo (which is  considered l e s s  important than Wco), L / R
(which i s  o f t e n  s p o r a d i c a l l y  v a r i a b l e  i n  s i g n ) ,  cases  3 ,  5,  and t h e  d e t a i l e d  
model f o r  case 2 (which w i l l  b e  d iscussed  l a t e r ) .  Note t h a t  t he  curves f o r  
t he  s impl i f i ed  and d e t a i l e d  models a r e  roughly p a r a l l e l  (and only s l i g h t l y  
curved) over  t h e i r  mutual absc i s sa  range. Hence t rends  are t h e  same f o r  t h e  
two models. Even t h e  c rossover  i n  f i g u r e  14(d) f o r  q
Pmax
/qs without  pay­
load pene t r a t ion  i s  almost p a r a l l e l  and thus  maintains t h e  t r end  with only a 
s l i g h t  comparison r e v e r s a l  between models. 
E f fec t  o f  Payload Radius (and Payload Packaging Density) 
f o r  Balsa- l i k e  and Honeycomb-like Materials 
Without Payload Penet ra t ion  
Crushable cas ing  p r o p e r t i e s  and performance a r e  presented  i n  f i g u r e  13  
(with and without  pene t r a t ion )  as func t ions  of payload r ad ius  Rp (with fou r  
numbers a t tached  f o r  payload packaging dens i ty  ppge) f o r  honeycomb- l i k e  
ma te r i a l ,  a payload weight of 100 l b ,  and an nPmax va lue  of  2000. The cor­
responding cases i n  t a b l e  1 are 1, 4,  6 ,  and 7 without  pene t r a t ion  and case 2 
( s impl i f i ed  model only) with pene t r a t ion .  
In the  absence of  payload pene t r a t ion ,  f i g u r e s  13 (a ) ,  13(b) ,  and 13(c)  
show t h a t  an inc reas ing  R (decreas ing  Ppg,) causes Wco, SEA, R,  oo,  and 
Pcmge t o  inc rease  (with Pmax h e l d  a t  t h e  maximum permiss ib le  value of  
2000, which minimizes Wco according t o  pre l iminary  c a l c u l a t i o n s ) .  The poten­
t i a l  pene t r a t ion  r a t i o  
'Pmax /qs 
e x i s t s  only f o r  t h e  s i m p l i f i e d  model a t  
Rp = 0.6  f t  (among t h e  p l o t t e d  p o i n t s )  , i n d i c a t i n g  p e n e t r a t i o n  t o  b e  impossible 
f o r  t h e  o t h e r  cases .  Between t h e  two models, t h e  s i m p l i f i e d  model has  t h e  
lower Wco ( s l i g h t l y ) ,  t h e  lower SEA, t h e  h i g h e r  R ,  t h e  lower oo ,  and the  
lower Pcmge. The lower Pcmge is  t h e  only apparent  reason f o r  t he  lower 
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Wco. I t  r e s u l t s  from the  lower uo,  which i s  made p o s s i b l e  by t h e  f a c t  t h a t  
t h e  s i m p l i f i e d  model s ees  a h igher  average stress f o r  a given uo than does 
t h e  d e t a i l e d  model. 
Somewhat similar curves are shown i n  f i g u r e  14 f o r  b a l s a - l i k e  ma te r i a l  
and a payload weight o f  450 l b  ( the  cases from t a b l e  1 be ing  8, 10, 1 2 ,  and 13  
without  pene t r a t ion ,  and 9 and 11 with p e n e t r a t i o n ) .  I t  should b e  noted t h a t  
t h e  450-lb payload, i n  c o n t r a s t  t o  t h e  l i g h t e r  payload, permits  t h e  use of  t h e  
e f f i c i e n t  b a l s a - l i k e  material without causing excess ive  dece le ra t ions  i n  t h e  
absence of  p e n e t r a t i o n .  When pene t r a t ion  i s  absent ,  r e s u l t s  a r e  presented  f o r  
t h e  lowest oo considered,  namely, 800 p s i .  According t o  pre l iminary  ca l cu la ­
t i o n s ,  t h i s  oo value gives  minimum weight r e s u l t s  f o r  t h e  b a l s a - l i k e  material 
(cored when uo i s  less than 1200 p s i ) ,  as opposed t o  n
Pmax 
= 2000 f o r  t h e  
honeycomb-like m a t e r i a l .  The stress of  800 p s i  determines SEA as 24,000 
f t - l b / l b  and pcmge as 3.84 l b / f t 3 .  Figures  1 4 ( a ) ,  14 (b ) ,  1 4 ( c ) ,  and 14(d) 
then show t h a t  an inc reas ing  Rp (decreasing Ppge) causes W,, R ,  and 
n
Pmax 
t o  inc rease  b u t  causes 
‘Pmax 
/qs t o  decrease (decreasing the  l i k e l i ­
hood of pene t r a t ion ,  as expected f o r  i nc reas ing  Rp). Note t h a t  t h e  
‘Pmax /qs of 0.730 a t  RP = 1.6  f t  i s  the  only case  where pene t r a t ion  i s  
imposs i b  l e  because 
‘Pmax 
/qs i s  less than one. A comparison of t h e  s impl i ­
f i e d  and d e t a i l e d  models i n d i c a t e s  t h a t  t h e  former has  t h e  lower Wco,  t he  
lower R ,  and t h e  h ighe r  n
Pmax 
. The qPmax/qs curves have a shallow cross­
over ( i n  the  absence of  payload p e n e t r a t i o n ) ,  and q
Pmax
/qs does no t  e x i s t  
f o r  t h e  d e t a i l e d  model a t  Rp = 1 .6  f t .  
This absence of qpmax/qs f o r  t h e  d e t a i l e d  model when it e x i s t s  f o r  t h e  
s i m p l i f i e d  model has  been a r ecu r r ing  theme wi thout  p e n e t r a t i o n ,  as seen i n  
t a b l e  1, and i n d i c a t e s  t h a t  t h e  d e t a i l e d  model i s  t h e  l e a s t  s u s c e p t i b l e  t o  
pene t r a t ion .  The reason f o r  t h i s  i s  t h e  r e l a t i v e l y  low maximum g loadings ,  
nPmax ’ f o r  t he  d e t a i l e d  model i n  f i g u r e  1 4 ( c ) .  
E f f e c t  of Payload Penet ra t ion  
The d a t a  f o r  payload pene t r a t ion  i n  f i g u r e s  13 and 14  are l imi t ed  by t h e  
f a c t  t h a t  pene t r a t ion  o f t e n  does not  occur  even when t h e  payload i s  unbonded 
(see t h e  qpmax’qs column i n  t a b l e  1 f o r  case 2 with t h e  d e t a i l e d  model and 
f o r  cases 4 ,  6 ,  7, and 13 with both models). I t  i s  seen  i n  f i g u r e  13  f o r  
honeycomb-like m a t e r i a l ,  t h a t  pene t r a t ion  reduces Wco,  i nc reases  SEA and u 0 ,  
decreases  R ,  i nc reases  Pcmge, and decreases  ‘Pmax’qS f o r  t he  s i m p l i f i e d  
model a t  RP = 0.6  f t .  The i m p o s s i b i l i t y  of pene t r a t ion  f o r  t he  p l o t t e d  
abs c issas h 1gh e r  t h  an % = 0.6 f t  means t h a t  t h e  Wco curve f o r  t he  h ighe r  
Rp values could have been combined with t h e  pene t r a t ion  p o i n t  a t  Rp = 0 . 6  f t  t o  form a Wco curve f o r  an unbonded payload, with an obviously b e n e f i c i a l  
e f f e c t .  
The Wco b e n e f i t  due t o  pene t r a t ion  a t  Rp = 0 .6  f t  r e s u l t s  from the  
inc rease  i n  SEA and uo and t h e  corresponding decrease i n  R .  These 
18 
q u a n t i t i e s  can change because t h e  honeycomb-like material i s  allowed t o  change 
wi th in  i t s  class t o  maintain 
nPmax 
= 2000 f o r  p e n e t r a t i o n  (which gives  t h e  
lowest Wco, according t o  pre l iminary  c a l c u l a t i o n s ,  as it d i d  without  
p e n e t r a t i o n ) .  
In  f igu res  14(a)  and 14(d) f o r  b a l s a - l i k e  ma te r i a l ,  it i s  apparent t h a t  
payload pene t r a t ion  inc reases  Wco and decreases  qPma,/qs f o r  both models 
a t  R = 1.0 f t  and R = 1.2 ft  when SEA, uo,  and pcmge are h e l d  constant  a t  
24,009 f t - l b / l b ,  1,209 p s i ,  and 5 . 7 6  l b / f t 3 ,  r e s p e c t i v e l y  (where uo = 1,200 
p s i  def ines  the  elbow of  t h e  SEA curve i n  f i g .  5 and gives  the  minimum Wco 
according t o  pre l iminary  c a l c u l a t i o n s ) .  The o v e r a l l  r ad ius  R i s  shown i n  
f i g u r e  14(b) t o  be  increased  by pene t r a t ion  a t  R = 1.0 f t  and decreased a t  
Rp = 1 .2  f t ;  t h e  apparent con t r ad ic t ion  between tRe R and Wco e f f e c t s  of 
pene t r a t ion  is  reso lved  by r e c a l l i n g  t h a t  t h e  lowest Wco wi thout  pene t r a t ion  
was f o r  a lower pcmge, namely 3.84 l b / f t 3 ,  than f o r  pene t r a t ion .  I n  f i g u r e  
14(c) t h e  e f f e c t  o f  pene t r a t ion  on n
Pmax 
i s  seen t o  b e  t h e  same f o r  t h e  two 
models a t  RP = 1.0 f t  b u t  d i f f e r e n t  a t  RP = 1 . 2  f t .  
The Wco e f f e c t  o f  p e n e t r a t i o n  i n d i c a t e s  t h a t  a p e r f e c t  payload bonding 
would be d e s i r a b l e  f o r  t he  cored b a l s a - l i k e  ma te r i a l  a t  RP = 1.0 f t  and 
Rp = 1 . 2  f t .  In  the  event  t h a t  such a bonding i s  no t  f e a s i b l e  o r  t rus twor thy ,  
however, t h e  case of  an unbonded payload must be  considered.  Hence undefined, 
wavy-line t r a n s i t i o n s  between pene t r a t ion  and no pene t r a t ion  a r e  shown i n  
f i g u r e s  14 (a ) ,  14 (b ) ,  and 1 4 ( c ) ,  b u t  no t  i n  f i g u r e  14(d) (due t o  lack of 
space ) .  The most important  of  t h e s e  t r a n s i t i o n s  i s  f o r  Wco i n  f i g u r e  1 4 ( a ) .  
If t h e  Wco t r a n s i t i o n  were s p e c i f i e d  i n  t h e  a r e a  of  t h e  wavy l i n e ,  it would 
def ine  a curve f o r  an unbonded payload s i n c e  t h e  wavy l i n e  s k i p s  over  
Rp = 1 . 4  f t ,  where bonding i s  requi red  t o  prevent  p e n e t r a t i o n  a t  
uo = 800 p s i .  
S t r e s s e s  between 800 and 1200 p s i  ( t he  minimum weight value f o r  
pene t r a t ion )  w i l l  presumably b e  use fu l  i n  t h e  t r a n s i t i o n .  Thus a v a r i e t y  of 
s p e c i f i e d  t r a n s i t i o n s  w i l l  b e  p o s s i b l e .  For an unbonded payload, it would be  
d e s i r a b l e  t o  seek a minimum Wco i n  t he  t r a n s i t i o n  reg ion  f o r  a s i n g l e  oo 
a t  which pene t r a t ion  i s  ready t o  begin a t  t he  end of  t h e  s t r o k e ;  b u t  t h i s  i s  
beyond the  scope of  t h e  p re sen t  r e p o r t .  The reasonable  assumption, however, 
i s  t h a t  such a minimum Wco e x i s t s  and i n d i c a t e s  an important  design t r ade -
o f f  f o r  cored b a l s a ,  a p o i n t  where a f u r t h e r  i nc rease  i n  payload packaging 
dens i ty  ( t h e  absc i s sa  of  f i g .  14(a) )  i s  undes i rab le .  
The most important e f f e c t s  of payload pene t r a t ion  d iscussed  s o  f a r  have 
been a decrease of  Wc, f o r  t h e  honeycomb-like material and an inc rease  of  
Wc, f o r  t h e  b a l s a - l i k e  ma te r i a l .  Both comparisons have been based on mate­
r i a l  v a r i a t i o n s  f o r  minimum weight w i th in  t h e  c a t e g o r i e s .  I f  t hese  varia­
t i o n s  a r e  no t  allowed, p e n e t r a t i o n  can always b e  expected t o  inc rease  Wco.  
Except f o r  t h e  roughly 7-percent  decrease i n  Wco f o r  t h e  honeycomb-
l i k e  material a t  Rp = 0 .6  f t ,  t h e r e  has been no advantage of  pene t r a t ion  
r epor t ed  up t o  t h i s  p o i n t .  I f ,  however, a design i s  permi t ted  t o  change 
from t h e  honeycomb-like category t o  t h e  b a l s a - l i k e  category,  then a major 
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pene t r a t ion  advantage occurs  i n  t h e  p re sen t  examples f o r  t h e  100-lb payload. 
S p e c i f i c a l l y ,  a comparison o f  case 1 (Rp = 0.6  f t  wi th  nPmax = 2000, 
honeycomb-like, no pene t r a t ion )  and case 3. (RP = 0.6 f t ,  cro = 1200 p s i ,  

b a l s a - l i k e ,  pene t r a t ion )  from t a b l e  1 shows a weight sav ing  due t o  pene t ra ­ 

t i o n  by a f a c t o r  g r e a t e r  than 3 i n  Wco and g r e a t e r  than 2 i n  Wco + Wpo. 

I n  add i t ion ,  a comparison of  case 4 (RP = 0 . 7  f t  wi th  nPmax = 2000, 

honeycomb-like, no pene t r a t ion )  and case 5 (Rp = 0 . 7  f t ,  cro = 902.4 p s i  a t  

nPmax l i m i t  o f  2000, b a l s a - l i k e ,  pene t r a t ion )  shows a weight sav ing  due t o  

pene t r a t ion  by a f a c t o r  g r e a t e r  than 4 i n  Wco and almost 3 i n  Wco + Wpo. 

Presumably, a s t i l l  more impressive comparison would have occurred a t  

Rp = 0 . 8  f t  except t h a t  a pene t r a t ion  design could no t  b e  achieved f o r  

npmax 5 2000.  

The honeycomb-like material i s  used i n  t h e  comparisons when pene t r a t ion  
is  absent .  The reason is  t h a t  t he  b a l s a - l i k e  material, having t h e  h ighe r  
SEA over  the  same stress range ( f i g .  5 ) ,  i s  cons iderably  l i g h t e r  than the  
honeycomb-like material. In  f a c t ,  with t h e  f o r c e  determined by t h e  s t r e s s  
range, t he  b a l s a - l i k e  ma te r i a l  provides s o  l i t t l e  mass t h a t  t h e  g loading 
exceeds t h e  l i m i t  of  2000 f o r  t h e  100-lb payload; and t h e  heav ie r  honeycomb-
l i k e  ma te r i a l  i s  r equ i r ed  i n  t h e  absence o f  payload pene t r a t ion .  (Note t h a t  
t h i s  i s  n o t  t r u e  f o r  t h e  450-lb payload.) 
When pene t r a t ion  is  permi t ted ,  however, f o r  t h e  b a l s a  design by removal 
of  t h e  hypo the t i ca l  p e r f e c t  bonding between t h e  top  of  t he  payload and t h e  
crushable  ma te r i a l ,  then t h e  only s t r e s s e s  a c t i n g  on t h e  payload a r e  the  
crushing s t r e s s e s  a t  t h e  bottom of t h e  payload. This reduces t h e  fo rce  su f ­
f i c i e n t l y  t h a t  t he  payload maximum g loading  can b e  h e l d  t o  2000 even f o r  
t h e  b a l s a - l i k e  material with t h e  100-lb payload. The h igh  SEA of t he  ba l sa -
l i k e  ma te r i a l  then produces t h e  l a r g e  weight sav ing  due t o  pene t r a t ion .  
Note t h a t  t h i s  weight sav ing  app l i e s  f o r  t h e  s e l e c t e d  c l a s ses  of 
ma te r i a l ;  it would obviously be decreased i f  the  honeycomb-like mater ia l  were 
replaced by an in te rmedia te  c l a s s  j u s t  heavy enough t o  b r i n g  n
Pmax 
down t o  
2000 without  pene t r a t ion .  The poss ib l e  a v a i l a b i l i t y  o f  such a c l a s s  i s  
ind ica t ed  by t h e  l e s s  e f f i c i e n t  b a l s a  r epor t ed  i n  re ferences  4 and 5 .  These 
b a l s a s  may b e  made s t i l l  l e s s  e f f i c i e n t ,  i n  t h e  sense  of  be ing  heav ie r ,  by 
glue j o i n t s  o r  by t h e  add i t ion  of  weights (a  r equ i r ed  weight being t h e  cover 
f o r  t h e  crushable  m a t e r i a l ) .  
Thus the  l a rge  weight sav ing  due t o  pene t r a t ion  i s  c l e a r l y  r e s t r i c t e d  
t o  the  p r e s e n t l y  s e l e c t e d  materials. I t  i s  obviously,  however, a phenomenon 
worth consider ing.  The f a c t  t h a t  a heavy honeycomb ma te r i a l  i s  s t i l l  be ing  
considered i n  r ecen t  design s t u d i e s  i s  i n d i c a t e d  i n  re ferences  5 ,  8 ,  and 9 ;  
and t h e  g loading i s s u e  r a i s e d  he re in  i s  emphasized i n  re ference  5 .  
Comparison With Previous Analy t ica l  Models 
The foregoing r e s u l t s  apply t o  t h e  s p e c i f i c  a n a l y t i c a l  models 
considered he re ;  and a ques t ion  arises as t o  t h e i r  v a l i d i t y .  They can b e  
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considered v a l i d  i n  one sense  i f  they  c o n s t i t u t e  a l o g i c a l  a n a l y t i c a l  

extens ion  of  a reasonably s t anda rd  body of  theory having a t  l e a s t  a l imi t ed  

experimental  v e r i f i c a t i o n .  The extended a n a l y t i c a l  models can then b e  compared 

with f u t u r e  experiments t o  e s t a b l i s h  experience f a c t o r s  as wel l  as means o f  

improving the  models. 

The l o g i c a l  ex tens ion  o f  s t anda rd  theory i s  considered f i r s t ,  with t h e  
l imi t ed  experimental  v e r i f i c a t i o n  t o  fol low.  A s  po in ted  out  i n  the  Introduc­
t i o n ,  t h e  p re sen t  a n a l y t i c a l  models extend a s i g n i f i c a n t  amount of  p r i o r  work 
( e . g . ,  refs. 1 through 9) t o  inc lude  the  e f f e c t  of payload pene t r a t ion .  The 
summary o f  assumptions and l i m i t a t i o n s  given under "Outline of  Theory" i s  t h e  
same as t h e  assumptions i n  re ferences  1 through 9 ,  where s t a t e d ,  except f o r  a 
f e w  v a r i a t i o n s  on the  assumption of  equat ion (2) .3 
With the  fundamental assumptions t h e  same, it i s  no s u r p r i s e  t h a t  t h e  
b a s i c  equat ion of  motion (with t h e  an iso t ropy  r e l a t i o n  removed) i s  t h e  same 
f o r  t h e  p re sen t  s i m p l i f i e d  model without  pene t r a t ion  as f o r  comparable models 
(mass assumed cons tan t ,  i n f i n i t e l y  t h i n  d i sk  of  crushed ma te r i a l ,  g r a v i t y  
neglec ted)  i n  re ferences  1 through 9 ,  where s t a t e d .  For  t h e  p re sen t  d e t a i l e d  
model , t h e  most nea r ly  comparable and completely descr ibed  p r i o r  model i s  
given i n  re ference  2 .  The two models are i d e n t i c a l  except t h a t  t h e  model of  
re ference  2 has a uniform and i s o t r o p i c  crushing stress i n s t e a d  of  t h e  par ­
t i c u l a r  r a d i a l  d i s t r i b u t i o n  of  equat ion ( 2 ) .  In  appendix E ,  it i s  shown t h a t  
such a crushing stress converts  t h e  fundamental equat ion (A19) i n t o  equat ion 
( E 7 ) ,  which agrees exac t ly  wi th  t h e  fundamental equat ion (1-4) i n  appendix A 
of re ference  2 .  
The a n a l y t i c a l  ex tens ion  t o  inc lude  payload pene t r a t ion  is  l o g i c a l  f o r  
t h e  d e t a i l e d  model i n  t h e  sense  t h a t  no fundamental assumptions a r e  added t o  
t h e  l i s t  given under "Outline of  Theory." For  t h e  s i m p l i f i e d  model, t he  
assumption i s  added t h a t  t h e  fo rce  r e s i s t i n g  pene t r a t ion  i s  cons t an t ,  b u t  it 
has  a l ready  been poin ted  out  t h a t  t h i s  i s  t r u e  f o r  t h e  d e t a i l e d  model t o  one 
p a r t  i n  a thousand o r  l e s s ,  f o r  t h e  examples considered h e r e i n .  
Comparison With Previous Experiment 
The app l i cab le  experimental  information known t o  t h e  au thor  i s  l i m i t e d  
t o  two conf igura t ions ,  one t e s t e d  a t  an impact v e l o c i t y  of 374 f t / s e c  ( r e f .  
10) and t h e  o t h e r  a t  roughly 220 f t / s e c  ( footnote  1 ) .  The l a t t e r  v e l o c i t y  
a c t u a l l y  r ep resen t s  an average of  v e l o c i t i e s  ranging from 215 t o  225 f t / s e c  
f o r  four  nea r ly  i d e n t i c a l  t es t s .  A t  t h e  h ighe r  impact v e l o c i t y ,  only a 
s i n g l e  tes t  i s  considered because t h e  e x t e r i o r  cover f o r  t h e  model i n  t h a t  
t e s t  w a s  t he  only one (out  of  four )  s u f f i c i e n t l y  s t r o n g  and r e s i l i e n t  t o  
prevent  model d i s i n t e g r a t i o n .  
3These v a r i a t i o n s  i n  an iso t ropy  can b e  important  f o r  var ious  crushable  
materials, as poin ted  out  i n  re ference  5 .  I t  may be d e s i r a b l e  t o  cons ider  t h e  
s tandard  theory as inco rpora t ing  t h e  v a r i a t i o n s  of r e fe rence  5 ,  with t h e  
assumption of  equat ion (2) considered as an example f o r  eva lua t ing  t h e  e f f e c t  
o f  pene t r a t ion .  I f ,  however, it is  d e s i r e d  t o  have only one an iso t ropy  r e l a ­
t i o n  f o r  a s t anda rd  theory,  then  t h e  assumption of equat ion (2)  i s  d e s i r a b l e  
s i n c e  it i s  simple and widely used. 
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The tests j u s t  descr ibed  demonstrated t h e  ex i s t ence  o f  gayload 
pene t r a t ion ,  depending on t h e  e f f i c i e n c y  of  t h e  payload bonding. They a l s o  
ind ica t ed  t h a t  both t h e  d e t a i l e d  and s i m p l i f i e d  models provide reasonable  
(within 10 t o  30 percent )  estimates o f  measured impact dece le ra t ion  and 
s t r o k e .  There are not  enough d a t a  t o  determine which model i s  q u a n t i t a t i v e l y  
b e t t e r .  
A l t e rna te  Models 
The a n a l y t i c a l  models considered he re  are mani fes t ly  only two out  of  
many p o s s i b i l i t i e s .  Even with a t t e n t i o n  r e s t r i c t e d  t o  t h e  p re sen t  computer 
programs, it would be  p o s s i b l e  t o  i n v e s t i g a t e  s e p a r a t e l y  t h e  e f f e c t s  of  t h e  
l i m i t a t i o n s  c a l l i n g  f o r  Pck = 0 and E k  = 1, r a t h e r  than both toge the r  ( the  
assumptions o f  g = 0 and Fpo(e) = 1 being  t r i v a l ) .  I t  would a l s o  b e  poss i ­
b l e  t o  se t  Pck = 0 i n  t h e  p re sen t  programs f o r  i n t e g r a t i o n  o f  t h e  equat ion o f  
motion bu t  no t  f o r  eva lua t ion  of  t he  a c c e l e r a t i o n .  The programs could b e  mod­
i f i e d  t o  incorpora te  var ious  l e v e l s  of  bonding ( r a t h e r  than  j u s t  zero o r  per­
f e c t  bonding),  var ious l e v e l s  o f  s h e a r  r e s i s t a n c e ,  and r a t i o n a l  methods of  
i nco rpora t ing  t h e  weight and s t r e n g t h  of t h e  g lue  j o i n t s  and e x t e r i o r  cover.  
(Note t h a t  any SEA changes due t o  glue j o i n t s  o r  f r e e z i n g  of  t h e  crushable  
material could b e  incorpora ted  by changing f i g .  5 and t h e  corresponding 
equat ions de f in ing  t h e  ma te r i a l  .) 
Two a l t e r n a t e  models have been b r i e f l y  i n v e s t i g a t e d ;  a f u l l  i n v e s t i g a t i o n  
would r equ i r e  changes i n  the  machine programs o r  t h e  design c h a r t s .  In  one, 
c a l l e d  the  "hemisphere" model , t h e  payload and t h e  e n t i r e  upper hemisphere are 
ab le  t o  p e n e t r a t e  as a u n i t ,  r ega rd le s s  o f  bonding, because of low r e s i s t a n c e  
t o  c ross -gra in  crushing i n  t h e  e q u a t o r i a l  p l ane .  In  t h e  o t h e r ,  c a l l e d  t h e  
"shear-plug" model , t h e  payload and t h e  c y l i n d e r  (with rounded ends) d i r e c t l y  
above i t  are ab le  t o  p e n e t r a t e  as a u n i t ,  again r ega rd le s s  o f  bonding, because 
of  low shea r  r e s i s t a n c e  over t he  cy l inde r  wal ls .  
The i n v e s t i g a t i o n  o f  t h e  hemisphere model i n d i c a t e s  t h a t  t he  payload and 
upper hemisphere would have s t a r t e d  t o  p e n e t r a t e  below t h e  maximum g load­
ings f o r  almost a l l  cases  i n  t a b l e  1, and would have done s o  more r e a d i l y  than 
t h e  i s o l a t e d  payload f o r  t h e  d e t a i l e d  and s i m p l i f i e d  models, provided t h a t  t h e  
c ross -gra in  crushing s t r e n g t h  i s  8 percent  o f  t h e  end g r a i n  va lue .  Hemisphere 
pene t r a t ion  i s  ca l cu la t ed  even a t  18 pe rcen t  ( r e f .  3 f o r  b a l s a )  f o r  s e v e r a l  
cases .  A t  8 and 14 pe rcen t ,  however, it i s  a l s o  ca l cu la t ed  f o r  t h e  high-speed 
(374 f t / s e c )  experimental  conf igura t ion  at a g loading o f  3000 t o  4000 ( r e f .  
l o ) ;  y e t  t h e r e  was no evidence o f  hemisphere p e n e t r a t i o n  ( i . e . ,  o f  e x t e r i o r  
cover  wrinkl ing at t h e  equator ) .  Thus, 18 pe rcen t  may be  t h e  most nea r ly  cor­
r e c t  f i g u r e ,  p a r t i c u l a r l y  when t h e  g lue  j o i n t s  are considered.  In  any event ,  
t h e  hemisphere model i s  o f  i n t e r e s t .  
For t h e  shear-plug model, on the  o t h e r  hand, t h e r e  i s  no p o s s i b i l i t y  of  
shear-plug pene t r a t ion  a t  t h e  g loadings under cons idera t ion  according t o  
ca l cu la t ions  based on a measured s h e a r  s t r e n g t h .  This model would be  of  
i n t e r e s t  only f o r  much h ighe r  g loadings (say,  g r e a t e r  than 3000) and/or 
much lower s h e a r  s t r e n g t h s  ( l e s s  than 145 p s i ) .  
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Fina l ly ,  a ques t ion  remains as t o  t h e  e f f e c t  o f  payload r ad ius  Rp when 
d e n s i t i e s  ( inc luding  payload packaging dens i ty )  and stresses remain t h e  same, 
t h a t  is ,  a ques t ion  as t o  t h e  effect  o f  s c a l i n g .  Except f o r  t h e  t r i v i a l  grav­
i t y  fo rce ,  t h e  equat ions of motion i n d i c a t e  ( f o r  a nondimensional izat ion d i f ­
fe ren t  from t h a t  of appendix A) t h a t  geometric s c a l i n g  should apply,  with Uo 
and SEA unaf fec ted ,  with npmax - l / R p ,  R - Rp, and Wco - Rp3. These s c a l i n g  
condi t ions ,  then ,  can be used t o  extend t h e  p re sen t  r e s u l t s .  They can a l s o  be 
used t o  check numerical r e s u l t s  whenever two cases scale  each o t h e r .  In  t h e  
p re sen t  examples, only cases  3 and 9 should roughly scale each o t h e r ,  as 
indeed they  do. 
CONCLUDING REMARKS 
The governing equat ions f o r  t h e  landing impact of  a r i g i d  payload 
p ro tec t ed  by a crushable  cas ing ,  inc luding  t h e  p o s s i b i l i t y  o f  pene t r a t ion  by 
the  payload i n t o  t h e  cas ing ,  have been developed f o r  a general  v e r t i c a l l y  
symmetrical landing.  The general  equat ions have been s p e c i a l i z e d  f o r  zero 
shea r  r e s i s t a n c e ,  a cons tan t  compacting s t r a i n ,  and uniform dens i ty  of  t h e  
crushable  casing.  They have a l s o  been s p e c i a l i z e d  f o r  a s p h e r i c a l  payload and 
casing,  with the  l a t t e r  having i t s  h ighes t  crushing stress i n  t h e  r a d i a l  d i r ec ­
t i o n .  For the  s p h e r i c a l  conf igura t ion ,  two approximate a n a l y t i c a l  models have 
been def ined:  (1) a d e t a i l e d  model with no add i t iona l  assumptions b u t  r equ i r ­
ing  an automatic computer program; and (2) a s i m p l i f i e d  model u t i l i z i n g  e i t h e r  
t he  computer program o r  design cha r t s  b u t  r equ i r ing  t h e  assumptions of i n f i ­
n i t e l y  t h i n  shee t s  of  crushed material, cons tan t  mass i n  t h e  equat ions of 
motion, zero a c c e l e r a t i o n  due t o  g r a v i t y ,  and a cons tan t  r e s i s t a n c e  t o  
payload pene t r a t ion .  When s p e c i a l i z e d  t o  prevent  pene t r a t ion ,  t h e  s i m p l i f i e d  
model (o r  s l i g h t  v a r i a t i o n s  the reo f )  has  been widely employed i n  previous 
work; and the  s p e c i a l i z a t i o n  of t h e  d e t a i l e d  model f o r  a uniform and i s o t r o p i c  
crushing s t r e s s  without  pene t r a t ion  has been shown t o  have the  same b a s i c  equa­
t i o n  as an e a r l i e r  model. Resul t s  f o r  t he  two models a r e  i n  reasonable  agree­
ment with two previous measurements, having impact v e l o c i t i e s  of  220 and 
374 f t /sec.  
Thi r teen  examples have been presented  f o r  each o f  t h e  two a n a l y t i c a l  
models. The examples are f o r  an impact v e l o c i t y  of  300 f t / s e c ,  a maximum 
permiss ib le  g loading of  2000, payload weights of 100 and 450 l b ,  payload 
r q d i i  ranging from 0 .6  t o  1 .6  f t ,  payload packaging d e n s i t i e s  ranging from 
26.23 t o  110.5 l b / f t 3 ,  a choice of  zero o r  "perfect"  bonding between t h e  pay­
load and t h e  crushable  m a t e r i a l ,  and a choice o f  a s e l e c t e d  b a l s a - l i k e  o r  
honeycomb-like class of  c rushable  material. Overa l l  r a d i i  r e s u l t i n g  from t h e  
designs range from 1.81 f t  t o  about 3.45 f t ,  and t h e  r e s u l t i n g  crushable  
ma te r i a l  weights vary from a l i t t l e  over 124 l b  t o  almost 763 l b .  The fo l ­
lowing conclusions are drawn from the  examples: 
1. 	 The s i m p l i f i e d  model has  t h e  lower crushable  ma te r i a l  weight of t h e  
two models, t h e  g r e a t e s t  d i f f e r e n c e  be ing  approximately 15 percent  
f o r  an example without  payload pene t r a t ion .  
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2. 	 The g r e a t e s t  d i f f e rence  between t h e  two models i s  a 29 percent  
discrepancy i n  the  maximum crushing stress determined by a design 
example without  pene t r a t ion  f o r  t h e  honeycomb-like class o f  m a t e r i a l .  
3 .  	 I n  t h e  absence of payload p e n e t r a t i o n ,  t h e  c rushable  material weight 
and t h e  o v e r a l l  rad ius  inc rease  wi th  inc reas ing  payload r ad ius ,  t h a t  
i s ,  wi th  decreas ing  payload packaging dens i ty .  
4. 	 For t h e  honeycomb-like class o f  material and t h e  100-lb payload (with 
t h e  m a x i m u m  g loading h e l d  a t  2000 t o  minimize weight) payload 
p e n e t r a t i o n  does no t  ex i s t  f o r  t h e  d e t a i l e d  model. For t h e  s impl i ­
f i e d  model, however, p e n e t r a t i o n  s l i g h t l y  reduces both t h e  c rushable  
material weight and t h e  o v e r a l l  r ad ius  a t  t h e  lowest payload r ad ius ,  
0.6 f t ,  t h e  only r ad ius  among those  t r i e d  f o r  which pene t r a t ion  
e x i s t s  with honeycomb. This  advantage o f  pene t r a t ion  means t h a t  
bonding should be avoided with t h e  p re sen t  honeycomb-like material, 
f o r  which t h e  s p e c i f i c  energy absorp t ion  inc reases  with crushing 
stress (a  v a r i a t i o n  more common even f o r  b a l s a  than  t h a t  f o r  t h e  
p re sen t  b a l s a - l i k e  c l a s s ) .  
5. 	 F o r  t he  b a l s a - l i k e  c l a s s  of ma te r i a l  (with a payload weight of  
450 lb)  , pene t r a t ion  d r a s t i c a l l y  inc reases  t h e  crushable  ma te r i a l  
weight a t  t h e  lowest payload r ad ius  (1.0 f t )  and s l i g h t l y  increases  
it a t  t h e  next  lowest r ad ius  (1.2 f t ) .  This  combines with nonpenetra­
t i o n  r e s u l t s  t o  give a minimum-weight r ad ius  f o r  an unbonded payload 
between 1 . 2  and 1 .6  f t  and a corresponding minimum-weight payload 
packaging dens i ty  between 26.33 and 62.15 l b / f t 3 .  
6. 	 An impressive b e n e f i t  o f  payload pene t r a t ion  is  a decrease i n  
crushable  ma te r i a l  weight by a f a c t o r  g r e a t e r  than  4,  which occurs  
f o r  t h e  100-lb payload with a r ad ius  of  0 . 7  f t  when t h e  ( se l ec t ed )  
honeycomb-like c l a s s  of  ma te r i a l  i s  r equ i r ed  without pene t r a t ion  (by 
t h e  g loading c e i l i n g  of  ZOOO), b u t  when t h e  more e f f i c i e n t  ba l sa -
l i k e  c l a s s  i s  f e a s i b l e  with pene t r a t ion .  
Ames Research Center  
National Aeronautics and Space Adminis t ra t ion 
Moffet t  F i e ld ,  Cal i f . ,  94035, J an .  1 2 ,  1970 
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APPENDIX A 
DEVELOPMENT OF BASIC EQUATIONS 
GENERAL GOVERNING EQUATIONS 
Figure 2 shows a f a i r l y  general  landing geometry a t  t h e  s t a r t  of impact 
and a t  two l a t e r  i n s t a n t s  of  time during impact. The only shape requirement 
i s  symmetry about two mutually perpendicular  v e r t i c a l  p lanes ,  and t h i s  
requirement i s  made f o r  compat ib i l i ty  with t h e  assumption of pure v e r t i c a l  
t r a n s l a t i o n .  The crushing s t r e n g t h  and dens i ty  of  t h e  crushable  ma te r i a l  a r e  
a l s o  requi red  t o  be  symmetrical b u t  otherwise genera l ly  v a r i a b l e .  The land­
ing  su r face  i s  assumed t o  be  p e r f e c t l y  f l a t  and r i g i d .  The payload i s  
assumed t o  be p e r f e c t l y  r i g i d  and i s  considered unbonded t o  t h e  crushable  
mater ia l  i n  determining the  s t a r t  of r e l a t i v e  motion ( i f  any),  he re in  
r e f e r r e d  t o  as "payload penet ra t ion ."  
The ana lys i s  begins  with t h e  phase of  impact shown i n  f i g u r e  2(b) .  In 
t h i s  phase, t he  crushable  ma te r i a l  has begun t o  crush aga ins t  t he  landing 
su r face ,  bu t  payload pene t r a t ion  has not  begun. Hence, 
where qp and q a r e  t h e  absolu te  displacements of t h e  payload and the  
uncrushed crushable  ma te r i a l ,  r e spec t ive ly ,  as shown i n  f i g u r e  2 (b ) .  The 
equat ion of motion f o r  t h e  constant  payload,mass "p0 is  w r i t t e n  as: 
m
PO
q = m  g - $  $a dA 
P O  T O  
where q i s  the  second time d e r i v a t i v e  of q ,  g t h e  l o c a l  acce le ra t ion  due 
t o  g rav i ty ,  avo t he  v e r t i c a l  component of normal s t r e s s  on mp0, and Apo
the  a rea  over which t h e  s t r e s s  a c t s  
The equat ion of motion is  now w r i t t e n  f o r  t h e  v a r i a b l e  mass mco - m c l  
of  uncrushed crushable  mater ia l  i n  f i g u r e  2(b) under the  assumption t h a t  each 
p a r t i c l e  i n  mco - m c l  i s  moving a t  t he  same v e r t i c a l  v e l o c i t y  4 a t  a 
given i n s t a n t .  The equat ion is 
'Note t h a t  t h e  v e r t i c a l  component of shea r  s t r e s s  on t h e  payload could 
have been added t o  ovpo i n  equat ion (A2) and i n  t h e  l a t e r  equat ions con­
t a i n i n g  ovo. There a r e ,  however, no avo terms i n  the  major governing 
equat ions except f o r  t h e  equat ion t h a t  determines t h e  ex is tence  of payload 
pene t r a t ion .  When pene t r a t ion  is  about t o  s t a r t ,  t h e  most important s t r e s s e s  
a r e  ovpo values  t h a t  a r e  almost l a r g e  enough t o  crush t h e  ma te r i a l  ( i n  i t s  
s t r o n g e s t  d i r e c t i o n  i f  it has one and has  been deployed t o  u t i l i z e  the  f a c t ) .  
Shear s t r e s s e s  are n e g l i g i b l e  by comparison and a r e  o f t e n  incorpora ted  i n  t h e  
t e s t s  t o  determine t h e  crushing s t r e n g t h .  
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where ov i s  t h e  v e r t i c a l  component of  t h e  "mostly s t a t i c "  and "mostly 
normal" stress capable  of  deforming t h e  c rushable  material p l a s t i c a l l y  over  
t h e  a r e a  A,-. The term ffmostly s ta t ic"  impl ies  t h e  assumptions t h a t  t h e  
damping fo rce  i s  incorpora ted  and t h a t  t h e  coupl ing between v e r t i c a l  and 
ho r i zon ta l  v e l o c i t y ,  o r  dynamic buckl ing e f f e c t ,  i s  a l s o  incorpora ted .  The 
term "mostly normal" implies  t he  inco rpora t ion  of  a small shea r  stress. (See 
the  d iscuss ion  of  f i g s .  l ( b )  and l ( c )  under "Proper t ies  of  Typical Crushable 
Material .")  The area Ac1 is t h e  i n t e r s e c t i o n  between mco - mc1 and t h e  
mass o f  crushed ma te r i a l  mcl i n  f i g u r e  2 ( b ) .  The crushed ma te r i a l  i s  
assumed t o  have been compacted s u f f i c i e n t l y  t o  d e l i v e r  t h e  requi red  crushing 
s t r e s s  ov; and success ive  l aye r s  of  ma te r i a l  are t r a n s f e r r e d  from mco - mcl 
t o  mcl a t  t h e  boundary A c l  as they undergo p l a s t i c  deformation. (Such a 
process  i s  observed experimental ly  i n  t h e  c rush ing  o f  p l a s t i c  foam, b a l s a  
p a r a l l e l  t o  i t s  g r a i n ,  and honeycomb p a r a l l e l  t o  i t s  a x i s . )  
The assumption of  a uniform (though time va r i ab le )  v e r t i c a l  v e l o c i t y  4 
throughout mco - m c l  has  two impl ica t ions  bes ides  the  crushing by l aye r s  
j u s t  descr ibed.  F i r s t ,  t h e  e l a s t i c  stress waves t h a t  e s t a b l i s h  a uniform 4 
must obviously t r a v e l  a t  speeds f a r  g r e a t e r  than  4 ( i . e . ,  4 must b e  a low 
subsonic  va lue ) .  Second, t h e  deformation waves a s s o c i a t e d  with t h e  e l a s t i c  
s t r e s s  waves must b e  small enough not  t o  affect  t h e  magnitude of 4. 
Equations o f  motion could a l s o  be  w r i t t e n  f o r  m c l  i n  f i g u r e  2 and f o r  
t h e  elemental  l a y e r  o f  mass be ing  t r a n s f e r r e d  t o  m c l ,  These equat ions 
would determine dynamic s t r e s s e s  i n  the  sense  of  v a r i a b l e  mass, however, and 
a r e  not  needed s i n c e  ov is  assumed t o  be  a measured q u a n t i t y .  
Equations (A2) and (A3) can be  used t o  determine whether payload 
pene t r a t ion  occurs and, if s o ,  a t  what displacement.  If both equat ions a r e  
solved f o r  q - g and t h e  r e s u l t s  equated and rear ranged ,  t h e  r e s u l t  i s :  
where mpo + mco - mcl  i s  t h e  t o t a l  time-dependent mass a t  v e l o c i t y  4 i n  
t h e  absence o f  payload pene t r a t ion .  Equation (A4) i s  t h e  only major governing 
equat ion conta in ing  oT0; t h e  neg lec t  o r  i nco rpora t ion  of shea r  s t r e s s e s  is  
j u s t i f i e d  i n  footnote  1 of  t h i s  appendix. 
I f  equat ion (A4) i s  considered formally so lved  f o r  o q o ,  payload 
pene t r a t ion  cannot begin u n t i l  those s t r e s s e s  become l a r g e  enough t o  cause 
p l a s t i c  f a i l u r e ,  t h a t  i s ,  become a ov d i s t r i b u t i o n .  This w i l l  occur  only 
i f  the  geometry, masses, and impact condi t ions  are such t h a t  t h e  displacement 
q becomes l a r g e  enough t o  b r i n g  A c l  up t o  t h e  necessary  s i z e .  I t  can b e  
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seen i n  equat ion (A4) t h a t  t h e  fol lowing q u a n t i t i e s  tend  t o  prevent  o r  pos t ­
pone payload pene t r a t ion :  a l a r g e  payload bea r ing  a r e a  Apo, a small payload 
mass mpo, a l a rge  t o t a l  mass mp0 + mco - m c l ,  and a small bea r ing  a r e a  o f  
compacted ma te r i a l  A c l .  
Equations (A2) and (A3) can b e  added t o  give t h e  major governing 
equat ion:  
(mp0 + m  co - m 
C l  ) q  = Cmpo + mco - m c1) g  -f $0. dA (A51 
A c  1 
This i s  the  s imples t  equat ion of  motion t o  apply dur ing  t h e  impact pe r iod  
p r i o r  t o  payload pene t r a t ion .  I t  does not  conta in  avo (see footnote  1 of 
t h i s  appendix).  
I f  equat ion (A4) shows t h a t  payload pene t r a t ion  has  begun, t h e  geometry 
of  f i g u r e  2(c)  a p p l i e s .  The cons tan t  payload mass mpo i s  then  pos i t i oned  
by the  coordinate  qp s o  t h a t  equat ion (A2) becomes: 
.. 
m 
poqp = "peg -f JJvodA 
The mass - m p l  i n  f igu re  2(c)  cons i s t s  of  compacted crushable  ma te r i a l .  
The v e l o c i t y  qp of  mpo i s  assumed t o  apply uniformly throughout m p l .  
Hence, the  equat ion of motion f o r  mpl can b e  w r i t t e n :  
A 
PO 
A 
P' 
where Apl  i s  the  i n t e r s e c t i o n  between mpl and t h e  v a r i a b l e  mass 

mco - "cl - mpfI of  uncrushed crushable  ma te r i a l ,  and ovl d i f f e r s  from t h e  

"mostly s t a t i c  crushing v e r t i c a l  component oV a c t i n g  over  Apl only 

because the  elemental  l a y e r  of  mass dmpl i s  t r a n s f e r r e d  t o  m p l .  

The equat ion o f  motion f o r  dmpl becomes, with t h e  d e f i n i t i o n s  j u s t  
given : 
o r  
I 
where ;"pl E dmpl/dt, where the  h igher -order  q u a n t i t y  gdmpl has been 
neglec ted ,  and where and q r ep resen t  t h e  f i n a l  and i n i t i a l  v e l o c i t i e s  
o f  dmpl. 
Equations '(A6), (A7), and (A8) can b e  added t o  give 
A second major equat ion  of  motion def ines  t h e  fo rces  on t h e  v a r i a b l e  mass 
mco - mcl - mpl o f  uncrushed crushable  material i n  f i g u r e  2 ( c ) .  Under t h e  
assumption t h a t  each p a r t i c l e  i n  mco - m c l  - 9 1  i s  moving a t  t he  same 
ver t ica l  v e l o c i t y  6, t h i s  equat ion i s  
where A p l  i s  def ined  as i n  equat ions (A7) and (A8) and A c l  i s  def ined 
analogously t o  t h a t  i n  equat ion (A3). 
Equations (A9) and (A10) def ine the  motion during payload pene t r a t ion  
s i n c e  a l l  q u a n t i t i e s  can b e  defined i n  terms of  q and qp and t h e i r  der iva­
t i v e s .  The two major governing equat ions are coupled i n  t h e  most general  
case by the  Gp - 4 term, t h e  dependence of  on 4p - 6, and t h e  
dependence o f  9 1  and of  (sv over A p l  on qp - q. Equations (A9) and 
(A10) do no t  conta in  
GOVERNING EQUATIONS FOR ZERO SHEAR DEFORMATION, 
UNIFORM COMPACTING STRAIN, AND UNIFORM 
MATERIAL DENSITY 
Although f igu re  2 does not  show any s h e a r  deformation, t h e  equat ions 
der ived s o  far would apply even if such deformation were p re sen t .  The spec i ­
f i c a t i o n  of  ov, however, r equ i r e s  knowledge of  t h e  l o c a t i o n  of t he  su r faces  
Acl and A p l ,  and shea r  deformation i s  r u l e d  out  a t  t h i s  p o i n t  t o  r e t a i n  t h e  
simple su r faces  implied by f i g u r e  2 .  Then A c l  and Ap1 are determined by t h e  
he ight  va r i ab le s  hc l  and h p l ,  where hcl i s  t h e  l o c a l  he igh t  of mcl i n  
f igu res  2@) and 2(c)  and where hpl i s  t h e  l o c a l  he igh t  o f  mpl i n  f i g ­
ure  2 ( c ) .  I f  shea r  deformation had been considered,  t h e r e  would be  a t r a i l ­
ing  of ma te r i a l  t o  make m p l  wider than mpo and a poss ib l e  l i f t i n g  of f  
t h e  ground of  t h e  edges of  m c l .  
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The ac tua l  lengths  o f  hpl  and hc l  are eva lua ted  i n  terms of  a r e a d i l y  
measurable v a r i a b l e  E. This v a r i a b l e  i s  def ined  as t h e  compressive compact­
ing  s t r a i n  o f  t h e  crushable  material ("compacting s t r a i n "  i s  t h e  s t r a i n  a t  
which t h e  crushing stress r i s e s  ab rup t ly  from a r e l a t i v e l y  constant  value f o r  
a tes t  specimen of  uniform c ross  s e c t i o n ) .  The e f f e c t  o f  t h e  d i r e c t i o n  of 
maximum s t r e n g t h  i s  ignored under t h e  assumption t h a t  t h e  material w i l l  com­
pres s  t o  the  same compacted s t r a i n  along any a x i s .  
The use of  E i s  made f e a s i b l e  by t h e  assumption t h a t  t h e  energy 
absorbing process  c o n s i s t s  o f  t h e  v e r t i c a l  crushing of  s e p a r a t e  v e r t i c a l  rods 
of  material. Then hc i n  f i g u r e s  2(b) and 2(c)  is  t h e  t o t a l  shor ten ing  
deformation of  a rod having an i n i t i a l  length of  hc + h c l ,  and qp - q is  
t h e  corresponding deformation o f  a rod having an i n i t i a l  l ength  of  
qp - 9 + hp1, where hpl i s  t h e  l o c a l  h e i g h t  of m p l  i n  f i g u r e  2 ( c ) .  
Since t h e  v a r i a b l e  E dR i s  (by t h e  d e f i n i t i o n  of s t r a i n )  t h e  t o t a l  shor ten­
i n g  deformation of  each success ive  rod element dR t o  b e  crushed, it i s  seen 
t h a t  
Under the  assumption of  uniform compacting s t r a i n  (E = E k  = cons tan t ) ,  
t h e  equat ions j u s t  der ived  can e a s i l y  b e  so lved  f o r  hpl  and hc l  
1 - E  k-hpl  -
'k 
cs, - SI 
The e f f e c t s  of  equat ions (A12) f o r  t h e  cons tan t  E k  can b e  seen i n  f i g u r e  3, 
which i s  otherwise i d e n t i c a l  t o  f i g u r e  2 .  In  f i g u r e s  3(b) and 3 ( c ) ,  t h e  mass 
m,l has  become a foreshor tened  image of  t h e  volume Vc,  which would l i e  
beneath t h e  landing s u r f a c e  i f  t h e r e  had been no crushing;  and t h e  h e i g h t  
hpl  of t he  mass mpl  has  become cons tan t  i n  f i g u r e  3 ( c ) .  
The next  l i m i t a t i o n  t o  b e  imposed i n  the  ana lys i s  i s  t h a t  o f  uniform 
dens i ty  of t he  crushable  material p r i o r  t o  crushing.  Then m p l  and m c l  i n  
equat ions (A4), (A5), (A9), and (A10) become: 
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m
P l  
mc1 
wh r e  V p l  i t h e  volume of  m p  , Vp t h e  volume swept ou t  by mpo dur ing 
payload pene t r a t ion ,  and V C l  t h e  volume of m c l .  When Vpl i s  r e l a t e d  t o  
vP and Vcl  t o  Vc according t o  equat ions (A12), t h e  masses mpl and mcl 
be come -. 
1 ­
m ­
p l  - 'ck('p Ek 
1 - E  k
c l  = Pck(v &k 
The r e l a t i o n s  between t h e  volumes Vp and Vc and t h e  displacements q 
and qp can be determined by t h e  fol lowing volume formulas:  
vP = APOh cqP - S I  
vC = 	J q A s h  dhc 
0 
where %oh is the  ho r i zon ta l  p l ana r  p r o j e c t i o n  o f  Apo and Apl, and Ash i s  
a ho r i zon ta l  c ross  s e c t i o n  i n  Vc.  
' Another u se fu l  s e t  o f  r e l a t i o n s  involves  t h e  s t r e s s e s .  The stress 
i n t e g r a l s  . i n  t he  major governing equat ions (A4), (As), (A9), and (A10) can be 
w r i t t e n  
1I o v  dA = /  I o  dA 
Ac1 Aclh  
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where up0 is t h e  normal stress on t h e  payload p r i o r  t o  pene t r a t ion ,  u is 
t h e  normal crushing stress on any su r face ,  and Aclh i s  the  ho r i zon ta l  
p l ana r  p r o j e c t i o n  of  A c l .  For i n t e g r a t i o n  of  t h e  r ight-hand s i d e s  of  equa­
t i o n s  (AlS), t h e  normal stresses must be eva lua ted  a t  the  i n t e r s e c t i o n s  
between the  curved su r faces  (Apo, AC-, A p l )  and v e r t i c a l  l i n e s  through t h e  
cen t ro ids  of  t h e  elements dA i n  t h e  ho r i zon ta l  p l a n a r  su r faces  (Apoh, Aclh, 
Apoh) * 
A f i n a l  u se fu l  r e l a t i o n  i s  t h e  fol lowing change of v a r i a b l e :  
With equat ion (A16) 
Equations (A13) f o r  uniform dens i ty  and uniform compacting s t r a i n ,  
t oge the r  with the  volume equat ions (A14) and t h e  stress equat ions (AlS), a r e  
now introduced i n t o  t h e  b a s i c  governing equat ions .  In  add i t ion ,  one of t h e  
governing equat ions i s  reduced t o  f irst  o rde r  by equat ion (A17). Thus equa­
t i o n  (A4), which determines t h e  s t a r t  of  payload pene t r a t ion  ( i f  any),  
becomes : 
0 
Equation (AS),  which de f ines  t h e  impact p r i o r  t o  pene t r a t ion ,  becomes: 
1
AclhS O d A  
1 d(U2) 
2 dq - g -
PO + co - (Pck/Ek) f q  Ash dhc 
0 
Fina l ly ,  equat ions (A9) and (A10) f o r  payload p e n e t r a t i o n  become : 
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Equations (A18) through (AZO) def ine  t h e  problem f o r  t h e  landing geometry o f  
f i g u r e  3 ,  providing t h e  stress and volume i n t e g r a l s  can b e  eva lua ted .  
EVALUATION OF VOLUME AND STRESS INTEGRALS 
FOR SPHERICAL GEOMETRY 
The eva lua t ion  of  t h e  volume and s t r e s s  i n t e g r a l s  i s  f a c i l i t a t e d  by 
r e s t r i c t i o n  o f  t he  landing conf igura t ion  t o  a simple shape. The sphere  i s  
p a r t i c u l a r l y  use fu l  f o r  landing packages and crushable  coverings t h a t  must 
absorb energy from impacts i n  any d i r e c t i o n .  Hence, t h e  geometry i s  now 
s p e c i a l i z e d  t o  concent r ic  spheres .  
The s p h e r i c a l  landing package i s  shown i n  f i g u r e  4(a)  a t  t h e  s t a r t  of  
impact, i n  f i g u r e  4(b) during impact bu t  p r i o r  t o  payload pene t r a t ion ,  and i n  
f i g u r e  4(c)  a f t e r  pene t r a t ion .  A l l  angles  and r a d i a l  l engths  a r e  shown i n  a 
plane of  maximum value .  
The volume i n t e g r a l  i n  equat ions (A18) through (A20) can be eva lua ted  
immediately on t h e  b a s i s  o f  ske tch  ( a ) ,  which is  a s i m p l i f i c a t i o n  'of f i g u r e  
Sketch (a) 
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4(a)  o r  4(b) .  Thus 
9 
Ash [R2v jq dhc = J" m2 dh = ITS - (R - q + hc)2] dhc 
C C 
0 0 0 
o r  
AshvC .jqdhc = 5 q2(3R - q) 
0 
I t  i s  a l s o  noted,  f o r  c e r t a i n  volume terms and i n t e g r a t i o n  areas i n  equa­
t i o n s  (A18) and (AZO), t h a t  
Apoh = nRp2 (A2 2 1 
as can be seen from f i g u r e  4 and t h e  d e f i n i t i o n  of Ap&. 
One of  t he  s t r e s s  i n t e g r a l s  can be  eva lua ted  immediately under the  
temporary assumption t h a t  opo = upok = cons tan t .  Then, with equat ion 
(A221 ¶ 
f opo dA = u A = TR 2o 
pok poh P POk 
POh 
The assumption t h a t  upo = upok may be v a l i d  only when opok approaches 
the  normal crushing s t r e s s  o ,  t h a t  i s ,  when payload pene t r a t ion  i s  
approached. For tuna te ly ,  t h i s  i s  the  only region o f  i n t e r e s t  f o r  
equat ions (A18) and (A23). 
P r i o r  t o  eva lua t ion  of t h e  s t r e s s  i n t e g r a l s  f o r  o ,  another  l i m i t a t i o n  
i s  appl ied  t o  the  a n a l y s i s ,  namely, 
where c1 i s  the  angle between t h e  l o c a l  normal t o  t h e  s t r e s s e d  a rea  and a 
r a d i a l  l i n e  from the  c e n t e r  of t h e  s p h e r i c a l  system (as i f  undeformed) through 
the  p o i n t  of  stress a p p l i c a t i o n .  (The r a t i o n a l e  f o r  t h i s  l i m i t a t i o n  i s  given 
immediately p r i o r  t o  eq.  (2) .) 
The next  s t e p  is  t o  determine c1 f o r  m c l  i n  f i g u r e  4(b) (with 
a p p l i c a b i l i t y  a f t e r  payload pene t r a t ion  as w e l l ) .  Any p o i n t  on t h e  su r face  
of r evo lu t ion  shown by t h e  d o t t e d  po r t ion  of  t h e  c i r c l e  i s  def ined ,  with t h e  
a i d  of  sketch (a) ,  by 
r2 + (R - q + hc)2  = R2 
From t h e  second of  equat ions (A12) 
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2 
‘k h.1) = R2 
Hence, i n  the  ver t ical  g r e a t - c i r c l e  p lane ,  t h e  s u r f a c e  s l o p e  o f  mcl is 
dhcl - - (l - ‘kIr - (l - ‘klr . .. _ ­
d r  E k ( R  - q + [(‘k/(l - Ek)]h,l] E k G 2 
Thus, with 4 shown i n  f i g u r e  4(b) and from t h e  g r e a t e r  d e t a i l  i n  ske tch  (b ) ,  
n 
Line length = J r 2 + ( R - q - h C , ) 2  
Vert ica I 
Normal 
I 
Sketch (b) 
dhC,c1 = 41 - arc t a n  -= 41 + arc t a n  
(l - � k I r  
d r  E k n 
(A261 
With equat ion (A26) introduced i n t o  equat ion (A24), t h e  normal stress on 
t h e  sur face  A c l  ( a t  he igh t  hc l  i n  f i g .  4 (b) )  becomes: 
Thus, 
o ( l  - ‘kjr (l - ‘klr  
-= cos $I cos a r c  t a n  - s i n  I$ s i n  arc t a n  
IS0 E,­
b u t ,  i n  f i g u r e  4(b) and ske tch  (b) , 
R - 9 - hCl 
cos 9 = 
Jr2 + (R - q - hCl )2  
s i n  $I = r h2+ (R - q - hC1I2 
34 
and hc l  can be determined from equat ion (A25). Then, a . f te r  some 
manipulation, t oge the r  with 
w e  ob ta in  
With the  s u b s t i t u t i o n  b :, h T 2 ,t h i s  becomes 
and equat ion (A27) i s  t h e  s t r e s s  i n t e g r a l  f o r  t h e  upper su r face  A c l  of  
m c  1 i n  f i g u r e  4(b) o r  4 ( c ) .  The i n t e g r a l  conta ins  no s i n g u l a r i t i e s  and 
hence can r e a d i l y  be eva lua ted  numerical ly .  
The angle c1 i s  now determined for mpl i n  f i g u r e  4(c ) .  Thus, with 
ske tch  (c) f o r  d e t a i l ,  
o r  
rP 
a = a r c  s i n  -
RP 
rP - arc t a n  
(ToC O S U  
Sketch (c) 
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o r ,  with the  f irst  of  equat ions ( A l Z ) ,  
When equat ion (A28) i s  introduced i n t o  equat ion  (A24), t h e  normal 
crushing stress o is  determined. When (5 is  pu t  i n t o  s o dA wi th  
RP Apoh 
& p o h l o  = I0 02.rrrp drp, 
t he  r e s u l t  i s  
With the  s u b s t i t u t i o n  bp = m,t h i s  becomes 
Rp ([(qp - q)/Ek]bp + R
P I P  
db
P
b 
A J2[(qp‘q)/Ek1bp + [(qp - q ) / ~ , ] ~+ RP 
POh 0 
Equation (A29) is t h e  stress i n t e g r a l  f o r  t h e  lower su r face  A p l  o f  m p l  i n  
f i g u r e  4 ( c ) .  I t  can be  i n t e g r a t e d  d i r e c t l y  t o  g ive  
r 4 
Since equat ion (A30) i s  indeterminant  a t  [ (qp - q ) / ~ ]= 0 ,  t h a t  i s ,  a t  
t he  s t a r t  o f  payload pene t r a t ion ,  t he  b e s t  way t o  eva lua te  I o d A  is  t o  
Apoh 
i n t e g r a t e  equat ion (A29) numerical ly .  A t  [ (qp - q ) / ~ ]= 0 ,  equat ion (A29) 
be comes 
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Comparison of  equat ion (A31) with equat ions (A23) and (A24) se rves  as a 
p a r t i a l  check on t h e  development of equat ions (A29) through (A31) s i n c e  
a = 0" (o r  0 = oo) on t h e  payload a t  t he  s ta r t  o f  pene t r a t ion .  
Dimensionless Governing Equations f o r  Sphe r i ca l  Geometry, 
With Termination Conditions 
Governing equat ions t h a t  have been der ived  i n  t h i s  appendix are now 
made dimensionless i n  a form convenient f o r  numerical s o l u t i o n  o f  t h e  impact 
problem with s p h e r i c a l  geometry. P r i o r  t o  payload. pene t r a t ion ,  equat ion 
(A19) appl ies  and becomes, with equat ions (A21) and (A27), 
nP - 1 d(w2) g F c 1  (ZI 
nmd 2 dz nmdge K~ m(z> 
where ge i s  t h e  a c c e l e r a t i o n  due t o  g r a v i t y  on e a r t h ,  npge and nmdge a r e  
the  ac tua l  and maximum design payload dece le ra t ions ,  r e s p e c t i v e l y ,  and
I
W Z KR 
The dimensionless t o t a l  mass m(z) 
"PO + mco - mc1 
m(z) mPO 
with 
P 
U
f 
GiG 
S
R 
nR20 
0

Z 
mp0% dge 
i n  f i g u r e  4(b) 
mco 
- "PO 
= 3pR (4/3)nR 
i s  def ined  by 
(A351 
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where Fc-(z) is t h e  dimensionless crushing force  on m(z) def ined by 
Fc-(z) E - Jd= 
TR200  
Aclh  
[ ( I  - 2 ) s  - 1 + Ek]S ds 
~ __-_ - - _ _  
1 / 2  
1 - 2  
I'
([[Ek' - (1 - Ek)2]S2 + (1 - Ek)2)(1  - s2 + ( 1/Ek2)[1 - z - (1 - Ek)s]2]) 
(A361 
with s E b/R. Under t h e  i n i t i a l  condi t ion  w ( z  = 0) = wo,  equat ion (A32) 
i n t e g r a t e s  immediately t o  
Equations (A32) and (A36) apply u n t i l  z reaches a value zs, a t  which 
payload pene t r a t ion  ( i f  any) s tar ts .  The s t a r t  of pene t r a t ion  i s  def ined  by 
equat ion (A18) with equat ions (A23), (A34), and (A36). Thus, 
F,1(Z) 
m(z> (A381 
and pene t r a t ion  starts (z  = ZS) i f  and when opOk reaches oo (providing t h e  
payload is  not  a t tached  t o  the  crushable  m a t e r i a l ) .  
A t  t he  s tar t  of pene t r a t ion ,  it becomes convenient t o  introduce th ree  
new v a r i a b l e s  and one cons tan t  as fol lows:  
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The i n i t i a l  condi t ions f o r  pene t r a t ion  a re  -
R
y(x = 0 )  E y, zs R
P 
(9) (qsw s Edx 
x=0 
e ( x  = 0)  z es = 0 
where ws i s  t h e  value of w determined by equat ion (A37) a t  z = zs. 
During p e n e t r a t i o n ,  equat ions (A20) apply,  with equat ions (A21), (A22), 
(A29), (A36), and (A39). Thus 
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where Fcl(y) i s  determined by equat ion (A36) with (Rp/R)y s u b s t i t u t e d  f o r  
z ;  mpen(e) i s  the  dimensionless t o t a l  p e n e t r a t i n g  mass i n  f i g u r e  4(c)  def ined 
by 
with 
Pp = 
- mPo 
3 
(A431 
(4/3) TRp 
mcr(y,e) i s  the  dimensionless crushable  mass i n  f i g u r e  4(c)  def ined  by 
and Fpo(e) i s  the  dimensionless crushing fo rce  on 
J2esp + e' + 1 
with sp bp/Rp. 
Equations (A32), (A37), (A40), and (A41) a r e  t h e  r equ i r ed  governing 
equat ions and i n i t i a l  cond i t ions .  With rebound excluded and with no payload 
pene t r a t ion ,  t he  impact i s  terminated (z = zmax) when w = 0 .  Thus 
With rebound excluded b u t  payload pene t r a t ion  p r e s e n t ,  t h e  impact i s  termi­
na ted  (y = Ymax and y + Eke = (y + Eke),,,) when dy/dx = 0 and 
dy/dx + Ek(de/dx) = 0 .  Since e increases  monotonically with t i m e  f o r  t h e  
p re sen t  examples, t h e  te rmina t ion  condi t ion becomes 
Y=Ymax 
(A47)
(2) = o  
e=emax 
= O  I
A s  t h e  payload begins  t o  p e n e t r a t e  t h e  crushable  material ,  equat ions 
(A41) are i n t e g r a t e d  s imultaneously.  This cont inues u n t i l  t h e  first o f  
40 
- - -  
I 
equat ions (A47) i s  s a t i s f i e d ,  thereby providing i n i t i a l  condi t ions  f o r  t h e  next  
phase of  t h e  problem. I n  t h i s  next  phase,  t h e  second of  equat ions (A41) can 
be  ignored and t h e  first equat ion solved alone.  The uncoupled s o l u t i o n  of  
t he  f irst  of equat ions (A41) cont inues u n t i l  t h e  second of  equat ions (A47) i s  
s a t i s f i e d .  
S impl i f i ca t ions  f o r  Constant Mass, I n f i n i t e l y  Thin Crushed Material, 
and/or Constant Pene t r a t ion  Resis tance 
The governing equat ions a r e  now w r i t t e n  with cons tan t  mass (pck = 0).  
Equations (A32) and (A34) a r e  combined t o  g ive  
where Fcl(z)  i s  given by equat ion (A36). Equation (A37) becomes 
U 
and equat ion (A38) gives  
Af t e r  payload p e n e t r a t i o n  s tar ts ,  equat ions (A41) apply,  and pck = 0 gives  
% - &+&=A­
nmd Ek dx2 dx nmdge 
KpFpo (e) I 
where Fcl(y)  i s  given by equat ion (A36) with y(Rp/R) s u b s t i t u t e d  f o r  z and 
where Fpo(e) i s  given by equat ion (A45). 
Regardless o f  whether pck = 0 o r  pck # 0 ,  equat ion (A36) i s  g r e a t l y  
s i m p l i f i e d  by t h e  s p e c i a l i z a t i o n  t o  Ek = 1 ( i n f i n i t e l y  t h i n  crushed material). 
41 
Thus, f o r  Ek = 1, equat ion (A36) can be i n t e g r a t e d ;  and z = y(Rp/R) can be  
s u b s t i t u t e d  as fol lows : 
Fcl(z)  = 2 ~ ( 1- Z) 
Regardless of  whether pck = 0 o r  # 0 and whether Ek = 1 o r  # 1, equat ion 
(A45) i s  g r e a t l y  s i m p l i f i e d  by the  assumption t h a t  t h e  payload s t r e s s  and 
fo rce  maintain t h e i r  i n i t i a l  pene t r a t ion  values  throughout t h e  pene t r a t ion  
s t r o k e ,  t h a t  i s ,  t h e  assumption t h a t  Fpo(e) can be  represented  by Fpo(0), 
which i s  un i ty .  Thus, t h e  assumption has t h e  form 
Fpo(e) = Fpo(0) = 1 (A531 
Equations (A52) and (A53) can be  used ind iv idua l ly  o r  t oge the r  i n  the  govern­
ing  equat ions f o r  pck # 0 o r  f o r  pck = 0 whenever t h e  s impl i fy ing  
assumptions a r e  appropr ia te .  
If t h e  assumption of  equat ion (A53) i s  made (cons tan t  pene t r a t ion  
r e s i s t a n c e )  and i f  pck = 0 (cons tan t  mass), equat ions (A411 can be  decoupled 
by a change of  v a r i a b l e ,  r ega rd le s s  o f  whether Ek = 1 o r  # 1, as can equa­
t i o n s  (A51) , which a r e  s p e c i a l i z e d  f o r  pck = 0 .  The governing equat ions 
(A48) through (A51) w i l l  be  r e w r i t t e n ,  however, f o r  Ek = 1, t h a t  i s ,  equa­
t i o n s  (A52), as wel l  as the  assumption of  equat ion (A53). The change of 
va r i ab le s  i s  
7 

With the  f irst  and second o f  equat ions (A54) and t h e  f i r s t  of  equat ions 
(A52), as w e l l  as equat ion (A39), equat ion (A48) becomes 
42 

Equation (ASS) i n t e g r a t e s  immediately t o  
The same s u b s t i t u t i o n  i n  equat ion (A50) gives  
and equat ions (ASS) and (A56) apply u n t i l  payload pene t r a t ion  s tar ts  a t  
opok/oo = 1 i n  equat ion (A57), which then becomes 
Y s 2  - -R P Y s + ’ ( l + $ ) = o  
where ys i s  the  dimensionless displacement a t  t h e  s t a r t  o f  pene t r a t ion .  
Af t e r  pene t r a t ion  begins ,  equat ions (A51) apply.  They become, with 
equat ions (A52), (A53), and (A54), 
i 
Equations (A59) a r e  uncoupled. The f i r s t  equat ion i n t e g r a t e s  immediately t o  
CY, - Ys) (A601 
and t h e  second t o  
KP 2v2 = vs2 + 2 ~ 
mdge + mco”po (y + Ys> + 7 ( Y 2  + ws + Ys2)( n g  
where vs i s  t h e  dimensionless v e l o c i t y  corresponding t o  y s .  
Equations (ASS) through (A61) a r e  t h e  governing equat ions f o r  i n f i n i t e l y  
t h i n  crushed material (Ek = 1) and cons tan t  mass (pck = 0 ) ,  with t h e  assump­
t i o n  of cons tan t  pene t r a t ion  r e s i s t a n c e  (Fpo(e) = 1) requ i r ed  a f te r  payload 
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pene t r a t ion  b u t  no t  be fo re .  In  the  absence of  pene t r a t ion ,  equat ion (A56) 
can be used t o  determine ymax by s e t t i n g  v = 0 ;  Thus ymax is  t h e  solu­
t i o n  o f  t h e  cubic  equat ion 
The dimensionless v e l o c i t y  vs a t  which pene t r a t ion  s ta r t s  ( i f  any) can be 
determined by w r i t i n g  equat ion (A56) as 
where ys i s  the  s o l u t i o n  of  equat ion (A58). Then t h e  maximum payload 
dimensionless displacement ypmax with pene t r a t ion  is  determined by equa­
t i o n s  (A60) and (A63) with vp = 0 as 
A s imilar  procedure with equat ions (A61) and (A63) and with v = 0 gives  
Ymax as t h e  s o l u t i o n  o f  t h e  cubic  equat ion.  
I t  should be noted t h a t  ypma, is gene ra l ly  s u f f i c i e n t  f o r  design problems 
involving payload pene t r a t ion  and t h a t  equat ion (A65) f o r  Ymax i s  included 
only f o r  completeness and p o s s i b l e  checking purposes .  
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APPENDIX B 
SAMPLE CALCULATION FOR DESIGN BY SIMPLIFIED MODEL 
WITHOUT PAYLOAD PENETRATION 
Under t h e  assumptions t h a t  pck  = 0 ,  Ek = 1, and g = 0 ( s impl i f i ed  
model), a c a l c u l a t i o n  i s  performed i n  t h i s  appendix t o  y i e l d  a design of a 
crushable  cas ing  f o r  t h e  fol lowing condi t ions :  
Uo = 300 f t / s e c  
= 2000 npmax 
Wpo = mp0ge = 100 l b  
Rp = 0.6 f t  
Payload pene t r a t ion  prevented by bonding 
i f  necessary 
The c a l c u l a t i o n  corresponds t o  case 1 i n  t a b l e  1, as ind ica t ed  by t h e  las t  
fou r  of t he  above condi t ions .  The c a l c u l a t i o n  fol lows:  
U 0 2  - (300) = 2.331 
(npmaxge) R~ - (2000) (32.17)-(0-.6) 
From f i g u r e  8 f o r  Ed = 0 . 7  
RP-= 0.286 o r  R = -=o * 6  2.097 f t
R 0.286 
From f i g u r e  9 f o r  Ed = 0 . 7  with Rp/R = 0.286, 
. Jm, = 2.74 
U 0 2  
check : 
(npmaxgeI R = (2.331) (0.286) = 0.6665 m 
From f i g u r e  6 
- qmax 0 .SO0- - =  'max R 
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o r  
qmax = 0.500(2.097) = 1.049 f t  
From f i g u r e  7 f o r  Ed = 0 .7  
Jmo = 2.74 (check is  p e r f e c t  t o  3 places; t h e r e f o r e  use 2.74) 
From f i g u r e  1 2  with Rp/R = 0.286, 
"0 = 55.5 
EmJmo = 0.8(2.74) = 2.192 
From equation (27) with oo i n  p s i  
2.192 . .  f t  - l b  / l bSEA = . .  
2 . 5 0 3 ~ 1 0 - ~  (0 . 5 0 5 3 ~ 1 0 - ~ / o , )-
Now decide which ma te r i a l  t o  use i n  f i g u r e  5 ( t r i a l  e l imina te s  t h e  b a l s a - l i k e  
c l a s s ,  which is  too  s t r o n g  f o r  low payload weight ) .  From f i g u r e  5 f o r  
honeycomb-like m a t e r i a l ,  
t r y  SEA = 10,400 f t - l b / l b  a t  oo = 1,000 p s i  
2'192x104
SEA = 2.503 - 0.5053 = 10,960 f t - l b / l b  
t r y  SEA = 10,870 f t - l b / l b  a t  o0 = 1,100 p s i  
2 . 1 9 2 ~ 1 0 ~  -- 10,720 f t - l b / l bSEA = 2.503 - 0.459 
t r y  SEA = 10,800 f t - l b / l b  a t  uo = 1,090 p s i  
SEA = - 2 . 1 9 2 ~ 1 0 ~  - 10,750 f t - l b / l b-2.503 - 0.463 
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t r y  SEA = 10,770 f t - l b / l b  a t  oo = 1,080 p s i  
2.192x104SEA = 2.503 - 0 . 4 6 8 -- 10,770 f t - l b / l b  
t h e r e f o r e  
oo = 1,080 p s i  
SEA = 10,770 f t - l b / l b  
From equation (8) , with oo i n  p s i  and SEA i n  f t - l b / l b  
From equat ion  (17) 
mco - Jmouo2Em - (2 .74)  (300>2(0*8> = 0.8135 
mpo + mco ge(SEA)Ed (32.17) (10,770) (0.7) 
1- ="Po 
0.8135 - 1 = 1.229 - 1 = 0.229 mco 
mco-= 4.366 
" P o  
t h e r e f  o re  
Wco = 4.366(100) = 436.6 l b  
Wpo + Wco = 100 + 436.6 = 536.6 l b  
Check by r e c a l c u l a t i n g  Pcmge. From equation (25),  
- 436.6-
'cmge 	 = (55.5) ( T )  (0.216) = 11.58 l b / f t 3  
"@p 
(Check is  adequate: use  11.56 l b / f t 3 . )  Check t o  see i f  bonding i s  necessary  
t o  prevent  pay load p e n e t r a t i o n  
(Fr (1 + %)= (0.286)2(5.366) = 0.4386 
"Po 
From figure 10 
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zs = 0 . 3 2 5  
z max - ‘ma, ‘Pmax 0.500 - ,l .ooo- - - =  - = - -
ZS 9s qs 0 . 3 2 5  
Therefore  bonding i s  necessary t o  prevent  payload pene t r a t ion .  
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APPENDIX C 
SAMPLE CALCULATION FOR DESIGN BY SIMPLIFIED MODEL 
WITH PAYLOAD PENETRATION 
A sample c a l c u l a t i o n  is  given f o r  an approximate design of a crushable  
cas ing  under t h e  assumptions t h a t  pck = 0 ,  Ek = 1, and g = 0 ( s impl i f i ed  
model) t oge the r  with Fpo(e) = 1 f o r  pene t r a t ion .  The design condi t ions  a r e  
t h e  fol lowing : 
Uo = 300 f t / s e c  
nPmax 2000 
uo = 1200 p s i  f o r  b a l s a - l i k e  ma te r i a l  
= 450 l bWpo = mpoge 
Rp = 1 . 2  f t  
Payload pene t r a t ion  permi t ted  (unbonded) 
'The l a s t  fou r  condi t ions  i n d i c a t e  t h a t  ca se11  of t a b l e  1 i s  be ing  ca l cu la t ed .  
From f i g u r e  5 f o r  b a l s a - l i k e  ma te r i a l ,  
SEA = 24,000 f t - l b / l b  
From equat ion (8), with uo i n  p s i  and SEA i n  f t - l b / l b  
From equat ion (22) with a. i n  p s i  ( f o r  pene t r a t ion )  
nPmax 
aRp2(144 a,) 
-- a(1.44) (144) (1,200) = 1,737 
m 450poge 
> 
For i t e r a t i o n  .with f i g u r e s  11 and 1 2 ,  c a l c u l a t e  
&(n U 0 2g R ) = +  (300) 
Pmax e p 1 4 (1737) (32.17) (1.2) 
= 0.959 
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1 + 0.959 = 1.959 
(1 + 0.959)2 = 3.838 
SEA -- 24,000 = 14.385 
nPmaxE m R p 1737(0.8)(1.2) 
mco
f i r s t  -= 1.0 (guess)m 
PO 
- 1 + 1.0 = 0.5213-first "u 3.838 
From f i g u r e  11 f o r  = 0.7 
f i rs t  NRU = 0.8435 
From f i g u r e  12 
f i r s t  Nmo = 15.5 
m co 15.5 = 1.078second 	-= 14.385m 
P O  
second N = 1 + 1.078 = 0.5415 mu 3.838 
From f i g u r e  11 f o r  = 0.7 
second NRU = 0.838 
Rp 0'838 - 0.4278second -= --
R 1.959 
From f i g u r e  12 
second Nmo = 15.75 
m 
t h i r d  -co = 15.75 = 1.095 m 14.385 
P O  
t h i r d  Nmu = 	 + '.0g5 = 0.54603.838 
From f i g u r e  11 f o r  = 0.7 
50 
I 
Third NRU = 0.8368 
Third -'= 1.959 = 0.4273R 
From f i g u r e  12 
t h i r d  Nm, = 15.75 (same as second) 
RP- =  
R 0.4273 , R = 0.4273l S 2  = 2.807 f t  
m co-= 1.095m
PO 
wco = 450(1.095) = 493 l b  
w + wco = 450 + 493 + 943 l bPO 
Check by r e c a l c u l a t i n g  
cmge 
From equat ion (25) 
(Check is  adequate:  use  5.76 l b / f t 3 )  
Check t h a t  p e n e t r a t i o n  occurs f o r  t h i s  mco/mpo and Rp/R 
From f i g u r e  10 
z = 0.257 s 
From equat ion (5) with L = 0 
ZPmax = ~ ~ ( 1- $)=0.7(0.5727) = 0.40089 
- = - -
ZPmax - %,ax - 0'40089 = 1.56 > 1.000 
ZS 4s 0.257 
Therefore p e n e t r a t i o n  does occur 
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APPENDIX D 
COMPUTER PROCEDURES FOR THE GOVERNING EQUATIONS 
WITH SPHERICAL GEOMETRY 
The computer procedures descr ibed  f o r  s p h e r i c a l  geometry i n  t h i s  appendix 
form an e s s e n t i a l  p a r t  o f  t h e  so -ca l l ed  "de ta i led"  a n a l y t i c a l  model bu t  can 
a l s o  be  s p e c i a l i z e d  f o r  a v a r i e t y  of  l e s s  d e t a i l e d  models. There are t h r e e  
computer procedures .  
BASIC COMPUTER PROCEDURE 
The f irst  computer procedure descr ibed  i s  t h e  "basic" procedure.  I t  
cannot be regarded as a design s i n c e  it conta ins  no p rov i s ion  f o r  automatic 
determinat ion of crushable  cas ing  parameters t o  achieve a d e s i r e d  acce le ra t ion  
and/or a des i r ed  r a t i o  of s t r o k e  t o  a v a i l a b l e  s t r o k e .  The primary purpose of 
the  b a s i c  procedure,  then ,  is  t o  check t h e  adequacy of  designs which have been 
determined by o t h e r  means ( f o r  example, designs determined by t h e  s impl i f i ed  
model employing f i g s .  5 through 12) .  
With symbols def ined  i n  t h e  s e c t i o n  on n o t a t i o n  o r  i n  parentheses ,  t h e  
b a s i c  procedure conta ins  t h e  fo l lowing  s t e p s  : 
1. Input and p r i n t  t h e  fol lowing:  case  number, Wpo,  Rp, Uo, Ed, E m ,  
nmd, ge,  gL, gm (value of  g f o r  equat ion of motion),  ga (value of g f o r  
acce le ra t ion  r a t i o ) ,  Ekm (value o f  Ek f o r  equat ion of motion),  Eka (value 
of  Ek f o r  acce le ra t ion  r a t i o ) ,  EkS (value o f  Ek f o r  stress r a t i o ) ,  Pckmge 
(value of pcl\ge f o r  equat ion of motion),  Pckage (value of Pckge f o r  
acce le ra t ion  r a t i o ) ,  pcksg, (value of Pckge f o r  stress r a t i o )  , Fpom(e) 
(value of  Fpo(e) f o r  equat ion of  motion),  Fpoa(e) (value of Fpo(e) f o r  
acce le ra t ion  r a t i o ) .  Also inpu t  and p r i n t  t r i a l  values  o f  R and oo.  

Fina l ly ,  input  and p r i n t  whether t h e  payload is  considered p e r f e c t l y  bonded 

o r  p e r f e c t l y  unbonded t o  t h e  c rushable  ma te r i a l ,  whether t h e  SEA i s  computed 

from oo o r  s e l e c t e d ,  whether t h e  ma te r i a l  i s  considered t o  b e  b a l s a - l i k e  o r  

honeycomb-like ( important  only i f  SEA computed), and t h e  va lue  of SEA if 

s e l e c t e d .  Note t h a t  pckmge, Pckage, o r  Pcksge o f t e n  i s  s p e c i f i e d  as Pcmge, 

t o  be  ca l cu la t ed  i n  s t e p  2 .  Note a l s o  t h a t  Fpom(e) and Fpoa(e) i s  s p e c i f i e d  

as a cons tan t ,  u sua l ly  1 .00,  o r  as t h e  i n t e g r a l  o f  equat ion  (A45). 
2 .  Ca lcu la t e  and p r i n t  t h e  fol lowing cons t an t s :  Ppge (from eq. (A43)
with mpo = Wpo/ge), SEA (from eq. (9) if c a l c u l a t e d  f o r  b a l s a - l i k e  o r  
eq. ( l o )  if c a l c u l a t e d  f o r  honeycomb-like), Pcmge (from eq.  (8) wi th  
factor f o r  dimensions),  WCO (from wco = (4/3).rr(R3 - Rp3)pcmge), Wco + Wpo, 
gm/nmdge, ga/nmdge, Wo2 (from t h e  first of eqs .  ( A 3 3 ) ) ,  KR (from t h e  l a s t  of 
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eqs.  (A33) with 9.= Wpo/ge and a f a c t o r  f o r  dimensions) , and ppRge (from 
eq. (A353 with q0= Wpo/ge) . 
3.  Generate and p r i n t  values  of  F c l m  (from eq .  (A36) with Ekm of  
s t e p  1) and w2 (from t h e  equat ion of  motion, eq.  (A37), wi th  eq.  (A34) and 
with Ekm, gm, and ~ c k m  of  s t e p  1) f o r  s e l e c t e d  va lues  o f  z ( z  E q/R). 
Terminate t h e  i n t e g r a t i o n s  a t  t h e  lowest p o s i t i v e  va lue  of  w2 when z i s  
varying by increments of  0.0001. P r i n t  t h i s  value o f  z s e p a r a t e l y  and l a b e l  
it zPmax without  pene t r a t ion .  Calcu la te  L / R  according t o  equat ion (5) with 
-
3 Z Pmax - %,ax / R ,  p r i n t  it s e p a r a t e l y ,  and l a b e l  it L / R  without  pene t r a t ion .  
4.  Generate and p r i n t  values  of F c l s  (from eq.  (A36) with EkS of 
s t e p  1) and t h e  stress r a t i o  opok/oo (from eq.  (A38) with eq.  (A34) and with 
Eks and pcks of s t e p  1) f o r  s e l e c t e d  values  of  z .  With z varying by inc re ­
ments of  0.0001, te rmina te  t h e  c a l c u l a t i o n s  a t  z = 1.00 o r  a t  t h e  lowest 
p o s i t i v e  value o f  1 - (opok/uo), whichever occurs  a t  a lower z value.  P r in t ,  
t he  te rmina t ion  value of  z s epa ra t e ly  and l a b e l  it Z S .  Ca lcu la t e  
zPmax/ zs ,  p r i n t  it s e p a r a t e l y ,  and l a b e l  it zPmax/zs without  pene t r a t ion .  
5 .  Generate and p r i n t  values  of  Fc-a (from eq .  (A36) f o r  Eka of  
s t e p  1) and dece le ra t ion  r a t i o  np/nmd (from eq.  (A32) with eq .  (A34) and with 
Eka, ga,  and Pcka from s t e p  1) f o r  s e l e c t e d  values  o f  z .  Terminate t h e  
c a l c u l a t i o n s  a t  zPmax without  pene t r a t ion .  
6 .  I f  t h e  payload i s  bonded o r  if zPmax/zs I 1.00 without  pene t r a t ion ,  
t e rmina te  t h e  program a t  s t e p  5 .  I f  t h e  payload i s  unbonded and i f  
Z Pmaxlzs > 1.00 without  pene t r a t ion ,  proceed i n t o  t h e  pene t r a t ion  phase.  For 
pene t r a t ion ,  c a l c u l a t e  t h e  constant  Kp according t o  t h e  l a s t  of equat ions 
(A39) and c a l c u l a t e  fou r  i n i t i a l  condi t ions according t o  equat ions (A40). 
7.  Generate and p r i n t  values of y ,  e ,  dy/dx, and de/dx f o r  s e l e c t e d  
values  of  x (x tAnmdge/Rp) by i n t e g r a t i n g  t h e  two simultaneous ord inary  
d i f f e r e n t i a l  equat ions (A41) , with a u x i l i a r y  equat ions (A42) through (A45) , 
with i n i t i a l  condi t ions  descr ibed  i n  s t e p  6 ,  with Fclm(Y) determined as i n  
s t e p  3 when (Rp/R)y is  s u b s t i t u t e d  f o r  z, with Fpom(e) be ing  the  i n t e g r a l  
o f  equat ion (A45) o r  a cons tan t  according t o  t h e  s p e c i f i c a t i o n  i n  s t e p  1, and 
with Ekm, gm, and Pckm being t h e  values  of  s t e p  1. Terminate t h e  in t eg ra ­
t i o n  when dy/dx i s  zero t o  fou r  o r  more decimal p l aces  and when success ive  
values  agree t o  f o u r  o r  more s i g n i f c a n t  f i g u r e s  f o r  t h e  worst  of y ,  e ,  and 
de/dx. The corresponding va lue  of y i s  c a l l e d  Ymax, and t h e  corresponding 
values  of  e and de/dx are i n i t i a l  condi t ions  f o r  t h e  next  phase of t h e  
prob lem. 
8. With the  i n i t i a l  condi t ions j u s t  descr ibed ,  genera te  and p r i n t  values  
of e and de/dx f o r  s e l e c t e d  values of  x by i n t e g r a t i n g  t h e  f i rs t  of equa­
t i o n s  (A41) with d2y/dx2 E 0 . Terminate t h e  i n t e g r a t i o n  when de/dx i s  
zero t o  f o u r  o r  more decimal p laces  and when success ive  va lues  of e agree 
t o  fou r  o r  more s i g n i f i c a n t  f i g u r e s .  The corresponding value of  e i s  c a l l e d  
53  
emax. Calcu la te  zPmax from 'Pmax = (Rp/R) (Ymax + Ekmemax), as deducible from 
equat ions (A39) with zp = qp/R. Also c a l c u l a t e  L / R  from equat ion (5) ,  and 
c a l c u l a t e  zPmax/zs. P r i n t  zpmax, L / R ,  and zpmax/zs l abe led  "with 
penetration.11 
9 .  Generate and p r i n t  values  of t he  dece le ra t ion  r a t i o  np/nmd f o r  
s e l e c t e d  values  of  x according t o  the  f i r s t  of  equat ions (A41) with a u x i l i ­
a ry  equat ions (A42), (A43), and (A45). The quan t i ty  FPoa(e) i s  t h e  i n t e g r a l  
of equat ion (A45) o r  a cons tan t  according t o  t h e  s p e c i f i c a t i o n  i n  s t e p  1; and 
Eka, ga,  and Pcka a r e  t h e  values  of  s t e p  1. Step  9 te rmina tes  t h e  b a s i c  
procedure when pene t r a t ion  i s  p resen t .  
SEARCH FOR OVERALL RADIUS R 
The second computer procedure descr ibed  i s  a design procedure i n  which 
oo i s  assumed given b u t  i t e r a t i o n s  are au tomat ica l ly  performed t o  determine 
R f o r  a des i r ed  r a t i o  of  s t r o k e  t o  a v a i l a b l e  s t r o k e .  The des i r ed  r a t i o  i s  
u n i t y  i n  t h e  p re sen t  case,  t h a t  i s ,  L / R  = 0 ;  b u t  t h e  a v a i l a b l e  s t r o k e  leaves 
a margin of  s a f e t y  based on t h e  f i c t i t i o u s  compacting s t r a i n  Ed. 
This procedure i s  based p a r t i a l l y  on a modified b a s i c  procedure.  The 
modif icat ions inc lude  t h e  s p e c i f i c a t i o n  of ndes/nmd ( i  . e . ,  t h e  des i r ed  value 
of  npmax/nmd) and the  determinat ion and p r i n t o u t  of  Z a  ( i . e . ,  t h e  value of  
z a t  np = npmax) and B ( i . e . ,  (npmax/ndes) - 1 ) .  The q u a n t i t y  B i s  
c a l c u l a t e d  as a measure of  t h e  a c c e l e r a t i o n  discrepancy.  
The next  s t e p  i s  t o  i t e r a t e  the  modified b a s i c  procedure j u s t  descr ibed 
i n  o rde r  t o  achieve a low value o f  L / R .  A s  a s t a r t ,  t h e  procedure i s  run f o r  
two values  of R ,  t he  s e l e c t i o n  be ing  based on t h e  design c h a r t s ,  f i gu res  6 
through 9 ,  o r  any o t h e r  a n a l y t i c a l  o r  experimental  information suggest ing low 
values  of  L / R .  The r e s u l t s  are l abe led  (L/R)1 f o r  R 1  and (L/R)2 f o r  R 2 .  
Then the  i t e r a t i o n  is  based on success ive  s t r a i g h t  l i n e s  of  t he  form: 
L / R  = aR + b (D1) 
For the  s t a r t i n g  values  (L/R)l, R1 and (L/R)2, R 2 ,  t h e  f i r s t  p a i r  of 
s t r a i g h t  l i n e s  from equat ion (Dl) i s  
and the  computer determines a ( ' )  and b ( l )  by s o l v i n g  t h e  two simultaneous 
equat ions .  From equat ion (Dl) f o r  L/R = 0 (which i s  t h e  d e s i r e d  va lue ) ,  t h e  
computer then  determines R(') as 
54 

I 

Then R ( l )  is run through t h e  modified b a s i c  procedure t o  determine (L/R)(1). 
This r e s u l t  i s  combined with t h e  two s t a r t i n g  va lues ,  and t h e  two having t h e  
lowest absolu te  values  of  L / R  a r e  s l e c t e d  f o r  a new p a i r  o f  s t a r t i n g  va lues .  
The process  i s  repea ted  u n t i l  
I L / R I  < 0.0005 
provided t h a t  each new value of I L / R  i s  lower than a t  l e a s t  one of i t s  two 
s t a r t i n g  va lues .  
I f  a new value of I L / R I  i s  h ighe r  than e i t h e r  of  i t s  s t a r t i n g  va lues ,  
the  computing machine i s  s topped,  and new s t a r t i n g  values  must be  s e l e c t e d .  
This d id  not  happen f o r  any of  t he  cases  r epor t ed  h e r e i n ,  a l l  of which con­
verged r ap id ly  ( r equ i r ing  an average of  0 .17 min of  execute time p e r  case 
without pene t r a t ion  and 4.55 min f o r  t h e  d e t a i l e d  model with p e n e t r a t i o n ) .  
In c o n t r a s t ,  t he re  was one un re l a t ed  case t h a t  d id  no t  converge. For t h i s  
case ,  however, convergence could not  have been expected.  I t  turned  out t h a t  
t h e  given impact v e l o c i t y  was too  high f o r  a f e a s i b l e  energy absorbing design 
with the  given ma te r i a l ,  and hence too high f o r  a s o l u t i o n .  
SEARCH FOR OVERALL RADIUS R AND CRUSHING STRESS o0 
The t h i r d  computer procedure used he re in  i s  a search  f o r  R and o
0, 
which 
i s  simply an ex tens ion  of t h e  search  f o r  R j u s t  descr ibed  (except t h a t  pene­
t r a t i o n  i s  not  included s i n c e  eq.  (28) determines o0 f o r  p e n e t r a t i o n ) .  In  
the  search  f o r  R and u 0 ,  both R and oo a r e  va r i ed  i n  an attempt not  only t o  
make L / R  = 0 bu t  a l s o  t o  make = 0 ,  where B = 0 when t h e  maximum acce lera­
t i o n  load f a c t o r  nPmax equals  t he  des i r ed  load f a c t o r  rides. 
This add i t iona l  requirement,  B = 0 ,  makes t h e  i t e r a t i o n s  more complicated 
than be fo re  although t h e  modified b a s i c  procedure t o  b e  i t e r a t e d  i s  the  same. 
This t i m e  t h e  s t a r t i n g  values  are found by running t h e  b a s i c  procedure f o r  
t h ree  combinations of R and o0.  Again, one of  t h e  s t a r t i n g  values  can be  
determined by t h e  design c h a r t s  f o r  t h e  s i m p l i f i e d  model , f i g u r e s  6 through 9 ,  
t oge the r  wi th  modif icat ions based on experience f o r  o t h e r  models and/or o t h e r  
prel iminary information (such as analyses  o r  experiments performed on s imilar  
! ,  	 conf igura t ions)  . Experience i n d i c a t e s  t h a t  t h e  o t h e r  two s t a r t i n g  values  
should be small dev ia t ions  from t h e  f i r s t  i n  which t h e  h ighe r  values  of  50 
correspond t o  t h e  lower values  o f  R .  The s t a r t i n g  va lues  are labe led  (L/R)1 
and 81 f o r  R 1  and uol, (L/R)2 and B 2  f o r  R2 and oO2,  and ( L / R ) 3  and B 3  
f o r  R 3  and 0 0 3 .  The i t e r a t i o n s  a r e  based on success ive  p a i r s  o f  p l ana r  
su r faces  having t h e  form 
L/R  = aLooo + aLRR + a L  
B = agoao + a g R R  + ag  ( D 3 )  
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For t h e  t h r e e  sets of  s t a r t i n g  values  j u s t  l abe led ,  t h e  f irst  group of 
t h r e e  planes from equat ion (D2) i s, \  
and the  computer so lves  t h e  t h r e e  simultaneous equat ions t o  determine aLo 9 
a ('I ' and a:'). S imi l a r ly ,  t h e  f irst  group of t h r e e  p lanes  from equat ion ( D 3 )LR 
is  
and the  computer determines a ('I ' a") ' and aB 
(1) 
Bo BR . 
Then L / R  and B are s e t  equal  t o  the  des i r ed  value of  0 i n  equat ions 
(D2)  and (D3), and t h e  c o e f f i c i e n t s  j u s t  determined are s u b s t i t u t e d  t o  g ive  
a (1),(1) + a C1)R(') = -a (11 
Bo O BR B 
The computer then so lves  t h e  two simultaneous equat ions and determines 
(hopeful ly)  an improved p a i r  o f  parameters CSO(') and R (1) . 
The parameters 0 6 ' )  and R") a r e  introduced i n t o  t h e  modified b a s i c  
procedure t o  determine t h e  corresponding values  of  (L/R) ('I and 6"). This 
r e s u l t  i s  combined with t h e  t h r e e  sets  of  s t a r t i n g  va lues ,  and t h e  t h r e e  hav­
ing  t h e  lowest values  of  I L / R I  + I B I  are s e l e c t e d  f o r  new s t a r t i n g  va lues .  
The process  i s  repea ted  u n t i l  
I L / R I  < 0.0005 
I f31 < 0.0005 
with the  requirement t h a t  each new va lue  o f  l L / R ]  + 161 is lower than a t  
l e a s t  one of  i t s  t h r e e  s t a r t i n g  va lues .  
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The computing machine i s  s topped,  analogously t o  the  R search ,  i f  a 
new va lue  of I L / R I  + 161 i s  h ighe r  than any of i t s  s t a r t i n g  values;  and new 
s t a r t i n g  values  must be s e l e c t e d  (where t h e  s e l e c t i o n  can o f t e n  be  f a c i l i t a t e d  
by a p l o t  having R and cro as axes with values  of l L / R I  + I B I  i nd ica t ed  by 
vec tors  o r  with values  of  L / R  and B i nd ica t ed  by v e c t o r s ) .  In  con t r a s t  t o  
t h e  R s ea rch ,  new s t a r t i n g  values  had t o  be  s e l e c t e d  f a i r l y  f r equen t ly  f o r  
t h e  search  f o r  R and uo ( s p e c i f i c a l l y ,  f o r  roughly one-fourth of t h e  cases ) ,  
d e s p i t e  t h e  f a c t  t h a t  convergence was r a p i d  when it occurred ( 0 . 7  min of exe­
cu te  time p e r  case f o r  t h e  d e t a i l e d  model). 
For  a l l  b u t  one of t h e  cases r equ i r ing  a new s e t  of s t a r t i n g  va lues ,  
convergence occurred f o r  t h e  second o r  t h i r d  s e t .  The except iona l  case (not 
l i s t e d  i n  t a b l e  1) was an attempt t o  do t h e  d e t a i l e d  model by t h e  R and uo 
search  s o  as t o  match an nPmax of  2000 s e l e c t e d  f o r  t h e  s i m p l i f i e d  model. 
F o r  t h e  landing conf igura t ion  under cons idera t ion ,  however, R searches f o r  
d i f f e r e n t  values  of  uo i nd ica t ed  t h a t  an nPmax as high as 2000 cannot be  
a t t a i n e d  with the  d e t a i l e d  model. Hence t h e  i t e r a t i v e  method would have been 
wrong i f  it had converged t o  an nPmax o f  2000 i n  a search  f o r  R and uo .  
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APPENDIX E 

EXACT INTEGRATION FOR A CLASS OF IMPACT PROBLEMS WITH 
VARIABLE MASS BUT WITHOUT PAYLOAD PENETRATION 
The c l a s s  of  impact problems t o  be  considered i s  shown i n  f igu re  3 (b ) .  
This shows a general  v e r t i c a l l y  symmetrical landing geometry f o r  zero shea r  
r e s i s t a n c e  and uniform compacting s t r a i n  with t h e  impact t o  be  descr ibed before  
payload pene t r a t ion  occurs ( i f  any) .  Equation (A19) de f ines  t h e  problem, and 
a l l  assumptions lead ing  t o  t h a t  equat ion a r e  r e t a i n e d .  
One add i t iona l  assumption is  introduced,  namely, a uniform and i s o t r o p i c  
crushing s t r e s s  (0 = ok = cons tan t ) .  Then equat ion (A19) becomes 
where the  equation has been mul t ip l i ed  by dq and where Vc has been 
introduced according t o  t h e  second of  equat ions (A14). 
The a rea  Aclh is  the  p l ana r  a r e a  of crushable  ma te r i a l  t h a t  i s  f l u s h  
with the  landing su r face  i n  f i g u r e  3 ( b ) ,  and Vc i s  t h e  volume o f  t he  dot ted  
region i n  f i g u r e  3 (b ) .  Hence, 
When equat ion (E2) i s  in t roduced  i n t o  equat ion (E l ) ,  each term i n  the  l a t t e r  
equat ion becomes a t o t a l  d i f f e r e n t i a l ,  and t h e  exact  i n t e g r a t i o n  i s  
where C i s  a cons tan t  of i n t e g r a t i o n .  This cons tan t  can b e  eva lua ted  by 
no t ing  t h a t  a t  q = 0 ,  U = U o ,  and V c  = 0 ,  When t h e  eva lua ted  C i s  i n t r o ­
duced i n  equat ion (E3), t h e  r e s u l t  i s  
where V, has been rep laced  by Ash dhc as i n  t h e  second o f  
equat ions (A14). 
5 8  
Equation (E4) g ives  U i n  terms of q and can be  s impl i f i ed  i f  t h e  gq 
term is  neglec ted  (as  i s  j u s t i f i e d  f o r  most impacts) .  Then it is convenient 
t o  re in t roduce  Vc and l e t  it be the  only v a r i a b l e  on t h e  r ight-hand s i d e .  
Thus, 
1 'k'k 1 
. .  . .  . .7 (U02 - U2) = -
ck loge 1 - [p c kv c/E k (mPO + m co) I  
When U = 0,  Vc has  reached i t s  maximum value ,  Vcmax. Thus, with the  n a t u r a l  
log converted t o  an exponent ia l :  
I t  is i m p l i c i t  i n  t h e  de r iva t ion  of  equat ion (A13) t h a t  V C  + Vc1 = Vc/&k,  
where Vcl i s  t h e  volume of m c l  i n  f i g u r e  3 (b ) ;  and t h e  same r e l a t i o n s h i p  
app l i e s  f o r  the  maximum volumes. Hence, i f  it i s  des i r ed ,  equat ion ( E 6 )  can 
be w r i t t e n  
Equation ( E 7 )  agrees  exac t ly  with equat ion (1-4) i n  appendix A of 
re ference  2 when n o t a t i o n a l  d i f f e rences  a r e  accounted f o r .  The development i n  
re ference  2 includes shea r  r e s i s t a n c e  i m p l i c i t l y  (by showing u p l i f t  of t h e  
compacted region i n  a f i g u r e )  bu t  counterac ts  t h e  inc lus ion  of  shea r  by assum­
ing  A c l  t o  be a h o r i z o n t a l  p l ana r  a rea  and thereby rendering t h e  shear  
stresses i n e f f e c t i v e  i n  energy absorp t ion .  Thus, wi th  t h e  r e s u l t s  i n  agree­
ment and the  assumptions reconci led ,  t he  development o f  equat ions (E4) through 
(E7) becomes a p a r t i a l  check on the  p re sen t  methods as w e l l  as a s e t  of exac t  
r e s u l t s  f o r  a s p e c i a l  case of  v a r i a b l e  mass i n  t h e  absence of  payload 
pene t r a t ion .  
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TABLE 1.- NUMERICAL RESULTS FOR U, = 300 F T / S E C ,  Ed = 0 .7 ,  E~ = 0.8, AND npm,, -I 2000 
(a) Balsa-like and honeycomb-like material with Wpo = 100 l b  
I 
! 
Up' Pp&,
Case ft lb,ft3 I Bonded 
(b) 

1 0.6 110.5 Yes H No NO ! 2000 1999.7 1 0.99985 I 1080 1395.0 I 1.2917 ~ 11.560 1! 13.294 1.1500 .6 110.5 000.4 1 1.0002 1228 1395.8 1.1366 12.390 , 13.299 1.0734 1,0000 ! 5.76 1 5.7582 .99969 1437.9 13.519 i 1.1437 Yes 0000 1 1::;: 4.3315 1.0003 
NO No 2000 1.2747 12.125 13.796 1.1378 
No No 1999.4 1.2427 12.518 14.119 1.1279 
SEA, ft-lbllb R ,  ft 
Simplified Detailed Detailed Simplified.Detailed;Detailed implified etailec 
c 
Case 
,1 (b) 1 (c) -1 l.(;3 . dl;:- ,Simplified (b) --(C) ­ i t 
, 1 , 10,770 ~ 12,088 1 1.1224 existent 2.097 2.0073 0.95722 I 436.6 438.33 ~ I 1.0040 
~ 
d~on- ' 
' i 11*420 ~ 12,091 I 
I j 1.410 
l existent 2.006 2.0071 1.0005 407.0 
I 
3 , 24,000 24,007 1.0003 , 3.040 ~ 2.8774 0.94651 1.810 1.8213 1.0062 138.3 
I 4 I 10,930 1 12,253 1.1210 j i efyzyint 2.229 2.1322 .95657 528.6 529.49 , 1.0017 1 
I , 
1.930 1.9411 1.0058 125.0 126.47 1.0118 
I 
2.360 
2.4759 
I Wco + Wpo. Ib I 
I 
0.000084 0.07223 
.000210 -.118 
.000136 -1.56 
629.49 1.0014 -.000614 -.0000191 ,031 
225.0 226.47 1.0065 ,000569 .000151 .265 
736.0 736.98 1.0013 -.000983 -.000067 ,068 
857.65 862.62 1.0058 -.000074 .000312 -4.2 
(b) Design by simplified model employing figures 5-12 (except for cases 7 and 12 and the LIR column, which are machine computer results for 
simplified model) and assuming pck = 0, sk = 1, F ( e )  = 1. and g = 0. 
PO 
(esp + l)sp dsp
(c) Design by detailed model employing I B M  7094 solution of equations fo r  pCk = pCm, ck = E ~ ,F 
PO
(e) = 2 !,2esp + e2 i 1 
(d) Over a hypothetical stroke as large as the outer radius, there is no force developed which is large enough to cause penetration. 
TABLE 1.- NUMERICAL RESULTS FOR U, = 300 FT/SEC, E d  = 0.7, E~ = 0.8,  AND nPmax 5 2000 - Concluded 
(b) Balsa-like material with lYpo = 450 lb 
Payload penetration "Pmax no, psi 
'$8Case ft 2;;i3 i Bondedi hlaterial (a) Simplified Detailed Simplified Detailed Detailed Simplified (b) (c) (b) (c) Simplified 1 (b) 
I 	 8 ' 1.0 107.4 Yes 8 ' No 1 No 1770 I 1480.'5 I 0.83644 800 1 800 1 1.0000 3.836 
9 1.0 107.4 No 8 Yes Yes 1206 1206.4 1.0003 1200 1200 1.0000 5.76 
10 1.2 62.1 Yes 8 No No 1840 1555.8 ,84554 800 800 1,0000 3.836 
~- - -
SEA. ft-lbllb qPmaxk R ,  ft lvco, 1b 
Case 

3.8400 I 1.0010 
5.7582 ,99969 
3.8400 1.0010 
Simplified ,Detailed Detailed Simplified Detailed Detailed Simplified Detailed, Detailed Simplified Detailed Detailed 
(b) ( c )  Simplified (b) (c) Simplified (b) (c) Simplified (b) (c) Simplified-
8 24,000 24,000 1.0000 ' 3.456 3.5288 1.0211 2.778 2.9044 1.0455 329.0 378.00 1.1489 
9 24,000 24,007 1.0003 2.975 2.7839 ,93573 2.968 2.9898 1.0073 598.2 620.49 1,0373 
Case 
Simplified Detailed Detailed Simplified Detailed Detailed 
(b) ( c )  Simplified (b) (c) Simplified-
8 779.0 828.00 1.0629 0.000886 -.000162 -.183 

9 

10 

11 

12 

13 

(a) H = honeycomb-like;8 = balsa-like. 
(b) Design by simplified model employing figures 5-12 (except for cases 7 and 12 and the L/R column,which are machine computer results for 
simplified model) and assuming pck = 0, Ek 
= 1, F 
PO 
( e )  = 1, and g = 0. 
' (esp + 1)sp 
(c) Design by detailed model employing I B M  7094 solution of equations for pck = pcm, fk = cm, FPO(e) = 2 
(d) Over a hypothetical stroke a5 large as the outer radius, there is no force developed which is large enough to cause penetration. 
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Average crushing stress, c 
Typical material 
u) 
u) e 
3i 
A 
Compacting 
strain, E 
I 
I 




 
0 .5 I-0 
Strain 
(a) Stress-strain curves. 

Load 
I Plate 
Crushed material 
Uncrushed crushable 
material 
(b) Crushing test with plate. 

aLoad 
Plunger 
Crushed material 
Funcrushed crushable material 
r 
(c) Crushing test with plunger. 

Figure 1.- Typical stress-strain curves and crushing tests. 
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(a) A t  t h e  s t a r t  of  impact. (b) During impact, before  (c) During impact, a f t e r  
payload penetrat ion.  payload penetrat ion.  
Figure 2 . - General v e r t i c a l l y  symmetrical landing geometry for zero shear  r e s i s t ance .  
(a) At the start of impact. (b) During impact, before (c) During impact, after 

payload penetration. payload penetration. 

Figure 3.- General vertically symmetrical landing geometry for zero shear resistance and uniform 

compacting strain. 

(a) A t  t he  s t a r t  of impact. (b) During impact, before  (c) During impact, a f t e r  
payload penet ra t ion .  payload penet ra t ion .  
Figure 4.- Spherical  landing geometry f o r  zero shear  r e s i s t ance  and uniform compacting s t r a i n .  
I 
--- 
cored balsa 
-20 
-15 
Honeycomb- ike mater ia l  7 
SEA,  ft-lb/Ib 
0 7.49x106/D00.81 
5p 0 (478.5)(D00.446) 
24,000 
I 
Figure 5.- SEA (for E~ = 0.8) vs o0 for se lec ted  mater ia ls .  
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Figure 6.- Stroke design chart for simplified model without penetration when R is given. 
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Figure 7.- Mass design chart f o r  simplified model without penetration when R 
is given. 
7 1  
Upper boundary of 
compacted materia I 
if E ,  were replaced 
Compacted materia 
A .9 
1 I 1 I 1 I I l l  
i IO 
Figure 8.- Radius r a t i o  design c h a r t  f o r  s i m p l i f i e d  model without pene t r a t ion  
when Rp i s  given. , 
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I I 1 . - I _ _ I 
0 .I .2 .3 .4 -5 .6 .7 .8 .9 
Rp/R 
I Figure 9.- Mass design chart for simplified model without penetration when 
is given. Rp 
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Figure 10.- Dimensionless stroke at which penetration begins for simplified

model without bonding. 
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.6 
Boundaries of compacted 
material if E,,, were replaced 
1.01 
I Compacted material 
lo?' .95 
N x 
Z3O 
Ca .90 
Penetration requires zs 5 0.5 
+- I .85 
o 0.7 
111 .8 
2 .80 
LT
Z 

.75 
0 .I .2 .3 .4 .5 .6 .7 .8 .9 
I+ -M C O  
- mPo 
Nmu = 
Figure 11.- Mass and rad ius  r a t i o  design char t  f o r  s impl i f ied  model with penetrat ion when Rp is  given. 
-- Nmc = SEA (:E:) for payload penetration 
nPmax EmRp 
.2 .3 .4 .5 .6 .7 .8 
Rp/R 
Figure 12.- Mass design chart for simplified model with penetration when Rp

is given; also simple mass-volume relation. 

76 

1z 
-- 
Honeycomb-like material 
Wpo = 100 Ib E ,  =0.8 
"pmax = 2000 Ed =0.7 
Uo = 300 ft /sec 
Wco SEA 
o 0 Simplified model } without penetration
0 A Detailed model 
800 - h n Simplified model with penetration 
-0 
.2 700 
c 

Iz 
.-m 
Q) 600
3 

-
.-U 
I 
U 500 
� 
a,
-a 
CJ 400 - h 
'" 
3 

I 

0 
300 I I I I 
.5 .6 .7 .8 .9 I.o 
Payload radius, R p  , f t  
I I I I 
110.5 69.65 46.65 32.75 
Payload packaging density, pP ge '  Ib / f t3  
r . . .  . --.(a) wco ana SLA 
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and Ppge f o r  honeycomb-like ma te r i a l ,  a payload weight of  100 l b ,  and
Rp
a 
payload maximum load f a c t o r  of  2000. 
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Figure 14.- Crushable cas ing  p r o p e r t i e s  and performance as func t ions  of Rp and 
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Maximum permissible n Pmox 
2000 
X 
E 1800 a 
c
-
L 

0 

t 

0 
5 1600 
Undefined transitions fo r
-0 
U curves with unbonded payload
0- (may require < 1200 psi with 
E penetration and o0> 800 psi
1400_- without penet rat ion )x 
U 
E I
-u 
U Simplified model} without penetration2 1200 0 Detailed modelh 
U a [1 Simplified model with penetration 
0 Detailed model 1 
I I d 
1.0 1.2 1.4 1.6 
Payload radius,  R, , f t  
I' 
107.4 62.15 39.I5 26.23 
Payload packaging density, ,o, ge,  Ib/ft3 
(=) nP, 
Figure 14.- Continued. 

82 
- 
I l l  I 1 

See par t  (a) for design conditions 
qpmax 
Maximum value of payload displacement q , 
9s q, at which penetration occurs or would occur i f  unbonded 
0 Simplified mode' withbut pcllclI ullull 
0 Detailed model 
h Simplified model with penetration\ D Detailed model 
Y \\ 
0 .a I.o I.2 
1 
1.4 
.-I 
1.6 
Payload radius R, f t  
I 1 I 1 
107.4 62.15 39.I5 26.23 
Payload packaging density , ppg,, Ib / f t3  
Figure 14.- Concluded. 

NASA-Langley, 1970 -32 A-3335 83 
ATIONAL AERONAUTICSA N D  SPACE ADMINISTRATION 
WASHINGTON,D. C. 20546 
OFFICIAL BUSINESS FIRST CLASS MAIL 
POSTAGE AND FEES PAID 
NATIONAL AERONAUTICS AND 
SPACE ADMINISTRATION 
POSTMASTER: If Undeliverable (Section 156 . -. .  Postal Manual) Do Nor Return 
...;. -.. . .: 
”The nesonn/itical nnd space nctitjities of the United Stntes shnll be 
condzicted so ns t o  contribute . . . t o  the expansion of hiinian knozul­
edge of phenomena in the nimosphese nnd spnce. The Adtiiinistsntion 
shnll psorlide fo s  the .widest prncticnble nnd nppropriate dissenzinatjoia 
of i~afosuirrtionconcerning its rrctiitities nnd the sesdts  theseof.” 
-NATIONALAERONAUTICSAND SPACE ACT OF 1958 ,‘.’ .. 
. I -
NASA SCIENTIFIC AND TECHNICAL PUBLICATION-S 
TECHNICAL REPORTS: Sc@tific and . .
tec.hnica1 information considered importint, ­
comple‘te, and a lasting contribution to existing 
knowledge. 4 . 
TECHNICAL NOTES: Information less broad 
in scope but nevertheless of importance as a 
contribution to existing knowledge. 
TECHNICAL MEMORANDUMS: 
Information receiving limited distribution 
because of preliminary data, security classifica­
rion, or other reasons. 
CONTRACTOR REPORTS: Scientific and . 
technical information generated under a NASA 
contract or grant and considered an important 
contribution to existihg knowledge. 
TECHNICAL TRANSLATIONS: Information 
‘*publishedin a foreign language considered 
to merit NASA distribution in English. 
SPECIAL PUBLICATIONS: Information 
derived from or of value to NASA activities. 
Publications include conference proceedings, 
monographs, data compilations, handbooks, 
sourcebooks, and special bibliographies. 
,TECHNOLOGY UTILIZATION 
PUBLICATIONS: Information on technology 
used by NASA that may be of particular 
interest in commercial and other non-aerospace 
npplications. Publications include Tech Briefs, 
Technology Utilization Reports and Notes, 
and Technology Surveys. 
Details on the availability of these publications may be obtained from: 
SCIENTIFIC AND TECHNICAL INFORMATION DIVISION 
NATI0NA L AER 0NAUT1C S  AN D SPACE ADM I N ISTRATI0N 
Washington, D.C. 20546 
